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PREFACE 
This thesis is concerned with the study of the 
behaviour of thin cylindrical.shells. Besides their 
many technical uses, cylindrical shells are relatively 
easy to analyse mathematically, because of their simple 
geometry; at the same time they exhibit nearly all 
types of behaviour that one also finds in more complicated 
shell systems; thus they make . a good introduction to the 
study of shells. 
The object is to obtain a basic understanding of 
the way cylindrical shells carry their loads. Once this 
understanding is achieved, realistic simplification of 
the real problem is possible, allowing the setting up of 
mathematical model's. One way of doing this is to observe 
how a shell deforms through laboratory models. 
Cylindrical shells have been extensively investigated 
mathematically . during recent years. The purpose of this 
thesis is to present the basic elements of shell theory 
in a simple manner which conforms with- modern ideas, of 
structural analysis, and also to study shell behaviour 
through some simple experimental tests and measurements 
and numerical calculations. It is believed that, at present, 
more insight into "actual behaviour of structures can be 
obtained through this approach than through complex 
mathematical analysis. 
The basic mathematical information required for 
a solution to a shell problem can be conveniently classified 
into three basic sets of data; the equations of statics, 
the equations of geometry and the load-deformation relations. 
These data are developed in Chapter I from basic elementary 
principles of statics, geometry,and material properties. 
This treatment is compl4.mented with discussions on the 
physical significance of each set of equations and its 
related mathematical problems. Various approximate theories 
are then derived by making appropriate approximations. 
This presentation of shell theory is somewhat different 
from the standard approach and it has some advantages:- 
(i) Shell theory is put in line with recent ideas 
of structural analysis; special theories and techniques 
are no longer being considered in a disconnected manner. 
(ii) Nature of any 'approximation made is clearly 
understood and can be distinguished as a statical one, 
a geometrical one j or just the simplification of the element 
properties under load. 
(iii) The relation between the mathematical problems 
and the practical problems is then seen in a better light. 
Although literature on shell theory is abundant, the 
amount of experimental work reported is small. This is 
partly due to the difficulties in obtaining measurements 
. on shel]s. Chapter II of this tesis presents a new 
technique of measuring slopes on shell surfaces. This is 
an extension of the Ligtenberg Moire method, from its usual 
use on flat plates, to 'cylindrical surfaces.. The only 
previous works in this direction are a paper by Osgeby and 
a University of Tasmania Honours thesis by Crawford. The 
technique is further extended and completed in this thesis. 
Equipment was designed, constructed) and tested by the author. 
The problem of a concentrated load on a shell edge is solved 
at the end of the chapter to illustrate the use of the 
method. 
.Chapter III is concerned with the Finite Element 
method. The equivalence of the equations of statics and the 
principle of minimum potential energy in obtaining the stiffness 
matrix is demonstrated for the case of a plane rectangular 
element in plane stress analysis. A cylindrical shell is then 
presented as an assembly of flat elements. This model has been 
used previously by Zienkiewicz; however it is modified here to 
suppress the sixth degree of freedom at each node (rotation . 
in the direction normal to its plane). The programme is also 
extended to. study two useful cases: firstly the problem of 
prestressed edge beam, and secondly, natural vibrations of 
shells. Finally some possible extensions of the Finite Element 
method are discussed ; by aligning the elements along lines 
of certain special characteristics, it is found that the number 
of elements required is greatly reduced for the same degree of 
accuracy of the solution obtained. These results are reported 
in Appendix B for the case of the bending of a plate.. 
Since design should be the end product of research, 
the final chapter of the thesis is devoted to design 
-discussions, particularly of concrete shell structures. 
The design of cylindrical tanks and shell roofs are 
selected for discussion because of their wide Uses. The 
discussion is partly . based on the author's own experience 
obtained while working with a firm of consulting engineers, 
and partly based on common practice, possible design 
applications of the previous studies are indicated where 
appropriate. 
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ELASTIC THEORY OF CYLINDRICAL SHELLS  
CHAPTER I  
1.1 - INTRODUCTION: 
Geometry & Definition: 
A cylindrical surface is generated by moving . a 
straight line along a curve while maintaining it parallel 
to its original direction. 	The straight line is called 
the generator and its direction is called longitudinal. 
The curve is called the directrix and its direction is 
called transverse. 
• A cylindrical shell'can be complete or incomplete. A 
• shell is complete if the only boundaries that .exist are those 
in the transverse direction. 
It will be assumed throughout this thesis that the 
shell is thin, i.e. its thickness'h'is small compared with 
its radius of curvaturea: Novozilov suggested 2-=, 	 
as an upper limit for .thin shells. Most of the shells used 
in practice are thin by this criterion. 
The surface that .bisects the shell thickness is called 
the middle surface. By specifying this surface and the shell 
thickness, the shell geometry is completely defined. 
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This chapter outlines the main elements of the elastic theory of 
cylindrical shell. It is intended to provide an introduction to the 
theory of shells and to survey existing literture on the subject. 
The three basic Sets of equations of shells are first introduced. 
Various approximate methods are then derived from these basic 
equations by .making appropriate 'assumptions. 
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1.2 - HISTORY: 
The problems of equilibrum and vibration of shells 
were attempted before the discovery of the general equations 
of elasticity. Euler attacked the problem of vibration of a 
bell by dividing it into thin slices and treating each slice . 
as a curtved bar - this theory neglected the effect of changing 
curvature along the axis of the bell. James Bernottali continued 
by approximating the bell to two sets of curved bars. Lame 
and Clayperon studied the problem of hollow cylinders under 
internal pressure and symmetrical bending of shells. Lame's 
'work on 'curvilinear co-ordinates provided the first simple 
basis of describing shell geometry. After the general equations 
of elastiaityjaad been established by Navier, little advance 
was made on the problem of shells. The special problem of 
plate received more attention. Poisson and Cauchy proceeded 
from the general equation of elasticity by expanding the 
displacements and stresses in terms of power series of the 
distance from the middle surface. Much controversy arose concerning 
the convergence of the series and the number of boundary conditions. 
Kirchoff introduced the equivalent assumptions of beam theory 
into plate theory. Under these assumptions the questions of 
the number of boundary conditions was resolved. Rayleigh 
considered the vibration probleM of shells. He concluded from 
physical reasoning that the middle surface of a vibrating shell 
remain unstre.Dned and introduced the theory of inextenSional 
bending of shells. Kirchoff's method as used for shells was 
first presented by Aron and Love. Love's works on shelI;are 
considered as the basis of modern shell theory. Since LOve's 
time research on shells has increased enormously and can be 
broadly divided into two kinds: 
(i)- Accurate mathematical theory of shells, which seeks to 
establiSh the mathematical foundation of shell theory,. 
to improve and solve the basic sets of equations. 
(ii) Simplified shell theory, which seeks to produce analysis 
and numerical methods acceptable to design offices, enabling 
actual shells to be designed and built safely. 
3 
1.3 --SHELL BEHAVIOUR: 
A shell is a three dimensional structure whose basic 
strength is given by its form and not by its mass. Transmiadon 
of load is done mainly by direct stresses (tension or 
compression) and in plane shear. Some basic structural 
properties of shells are best illustrated by comparing them 
with other structural members. - 
A beam resists transverse load by developing bending 
and transverse shear stresses. A cable can carry the same 
load by tension alone. An arch is an inverted cable, its 
main structural action is axial compression. However its 
bending stiffness is not negligible and substantial bending 
• stresses will arise in most cases. A plate is a two dimensional 
beam - load is rasted by bending and shear stresses in two 
directions (for small deflections). A membrane is a two 
dimensional cable which raists the load through tensile stress 
only. If a membrane with large deflection is inverted, a 
shell results - - .hence the main actions in a shell are direct 
stresses. The bending stiffness of a shell is, however, finite ) 
therefore bending stresses will inevitably arise. This is the 
main weakness of shell structures. Shells are usually thin and 
therefore cannot withstand large bending moments. These 
bending moments will however exist particularly near the shell 
boundaries. The determination of stresses is a difficult but 
important part of shell design calculations. 
From experience, it is known that a shell with all 
the edges free is exceptionally weak, it bends easily without 
staining the middle surface. A small force will cause large 
deformations. This phenomenon is called inextensional 
deformation. A shell can only carry load if its boundaries 
are adequately stiffened with traverses and edge beamsto prevent 
any inextensional deformation. 
Consider a segment of a cylindrical shell, supported tkat on both ends with traverses, carries a uniformly distributed 
load. This system does not behave as a series of arches 
because the slender edges cannot take the horizontal thrust 
of arch action. Its structural action is similar to that 
of a beam simply supported at both ends. The application of 
the load on the shell induces longitudinal stresses - compression 
at the crown and tension at the edges. If the longitudinal 
span of the shell is long compared with the chord width, the 
4 
vaiiation of the fibre stress is the same as that of a normal 
beam, i.e. linear from crown to edge. As the shell gets. 
shorter, this variation becomes non-linear. The departure 
from beam theory is basically due to the presehce of other 
structural action especially transverse bending. Thus 
shell action contrasts sharply with slab acdon - while a 
long slab with edge beam carries its load mainly by bending 
in the shorter direction, a long shell behaves more like a 
beam. 
• 1.4 Three basic sets of equations of shell - 
In line with current concept;of structural analysis, 
• all the information required for the solution of shell. problems 
can be distinguished and classified into three basic sets of 
data. These data are the equations of geometry of deformation, 
the equations of statical equilibrium2 and the load deformation 
relations or stress-strain relatiOns. This approach has some 
advantages: special techniques are no longer disconnected, 
they are merely partidular procedures fcr solving the equations 
which arise; nature of any approximation made at any level 
can be clearly understood as a statical one, a geometrical one ) 
or a simplication of the behaviour of the material element 
under load. 
(a) Equations of geometry of deformation. 
The undeformed_ cylindrical shell can be conveniently 
described by specifying its middle surface and its thikness. 
The deformation of the shell can, in general, be described by 
specifying three components of displacement u,v 2 w at every point 
within the shell thickness. Subject to the following simplifications 
the deformation of the shell can be approximately described by 
the three components u,V 1 w of the middle surface only. 
(i)all points lying. on one normal to the middle surface 
before deformation do the same after deformation. 
(ii) the distance of a point from the middle surface may 
be considered as unaffected by deformation. 
(iii) the normal stress in direction perpendicular to the shell 
• thickness is.negligible compared with normal stresses in 
transverse and longitudinal directions. 
L_ 
A P\ 
CO- 
ct) 
(1) 
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Subject to these assumptions, the . strains at a point 
A distance ±. from the middle surface are expressed in terms 
of the three displacements u,v,w of the point Ao projection 
of A on the middle surface. 
Strain in longitudinal direction 	C0)14. 	Yu.1 x = .SX: + Z. -S- --2- . 
Strain in transverse direction 	= . 	+ 
Z .0- 
---74..)ct.  
	
( z 	Z  Shear strain 	=, I 	1,(L 	Q.+ Z )v- 	?c-O°  	 4. 4-  
The assumptions made are a generalisation of those 
usuallY., made in the analysis of beam3and:plates. They are 
the known as A Kirchoff–Love hypothesis. Physically, the first 
assumption means that the deforMations due to transverse shear ••
are neglected. The second and third assumptions are contradictory. 
If normal stress c—othen due to Poisson's ratio effect, some 
normal strain 	must exist and vice versa. Some confusion 
still exists over this point in shell literature. It will be 
taken to mean here that whatever happens in the direction 
normal to the middle surface within the thickness of the shell 
is insignificant in the overall behaviour of the shell. These 
assumptions in effect reduce the three dimensional shell problem 
to that of two dimensions. 
Strain – Displacement relations: 
The stains of the middle surface can be expressed in . 
terms of the diSplaceMertparametersu,v,w by putting z=o 
into the above expression. 
7,. 
	 (2') 
sr 	cc_ 
"b1),_ ■Y" 12 4, =-- 	
ct.q) + -T.. ---- ---- (3) 
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Curvature-displacement relations: 
A 
Expressions for curvatures 
Rotationcf.a line element a4,61ag 
Rotation of a tangent 
Change in curvature in x-direction 
Change of curvature in 4-direction 
Bending in 4 - is inextensional, the middle surface does not 
stretch, thus by the usual curved beam theory 
Change of curvature in 0 direction can be rewritten as 
= 	-I-') 
• 	 C't- 	 .2r ) 
Expression for twist - Twist is defined as the rate of change 
of slope in 4-direction as one moves along x-direction or 
vice versa. Rotatioh of AB rdatve to CD is caused by both 
tangential and radial displacements. 
Due to tangential displacement v 
Rotation of AB is 
of CD is 
of Ab . relative to CD is 
cL (-0:-)claC. 
Due to radial displacement w 
-Rotation of .:,AB is 	 - a b+ 
Rotation of CD is a  	3 
A 	Rotation 
Rotation 
7 
2 
(Ay. clip:. Rotation of AB vs CD is 
 The total angular displacement between AB & CD is 
CL \4? )Z X I ( 	+ 10- The twist is 	 ) 
ct-- 11/4 3x 	6x. 
The equations 	. are basic equations of geometry of deformation. 
They can be used as such or in another form in which U,v,w 
parameters are eliminated to give only three equations in 
terms of strains, curvatures and twist known as the strain 
compatibility equations: 
.e eNg> 	)1'X'Sb 	= 0 
X 	CL4 
— K x(1) +. J_
( 
'x  
al 	' 	a 	c-Jr...)- (1,3 .2-  
These equations can be easily verified by substituting expressions 
foreE4,111 ,•1'<vt 14\4 ) kvc+ . Physically the equations 
represent the continuity of the shell surface. 
) Equations of statical equilibrium 
Consider a small Shell element, the generalized forces 
acting on the four cross-sections are called stress resultants.. 
They are usually expressed as the generalized forces per unit 
length. 
N 
M x4 	Strss _ resu/tants 
are first 
derived then the equations of statical equilibrium are obtained 
in terms of these stress-resultants. 
(i) Expressions for stress-resultants - 
The Stress-resultants are related to the stresses 
as follows: 
Stresses acY-InganaShellellemeht 
The expressions for stress resultants 
)N2cc6 
• 
Mc 
S 0 c 2 —x.. a _cqz 
-fuh_ 
-r- 
.S  ?IA 0.+Z. 
-.y2, 	a 
z.a- -cft-z 
M 2,4 	clzr_xd Z 
- 
The factor ( + It) appears in half of the expressions. 
When the shell' is thinand thus one might like to neglect 
—a—, it. 	This simplification gives Ni x43 1\14>x and M zit) 	M 
It is very convenient to do this but it has some serious 
drawbacks which will be discussed later. 	The factor ( 
represents the effect of the curvature on stress-resul-tants
thus ) neglecting 	reduces the expressions to those for flat 
plates. 
(ii) Equations. of statical equilibrium 
m am, a, 
"x+
1  
 
9 - 
Summation of the forces in x-direction 
.1•1 az 	_It_ 	+ x. • a, 
Summation . qf the forces in Sb- direction 
-6 Ncf)  a 	 — 4 -I- 	a 
Summation of the forces in 2.-direction 
)Qt. eL 	+ 	l` 1°43 	4.- IN] 4) + -) te. CL 6 .x. 	Iii) 
Summation of the moments in x..-direction 
+ Q 
?) X 
= 	 
0. 
a. = 0. 
= 0 . 
Summation of the moments in (1)-direction 
)1■A 	3Mx.(1) + • Q . a 
, (1) 
Summation of the moments in z-direction 
( 6 \ .N 	• _ 	k)4) „ 	f■A 	=7_ 0 . 
There are ten unknown stress resultants and six 
equations of statics relating to them. 	The problem is 
therefore statically indeterminate. 	If transverse shear 
forces Q )0 are neglected, the first three equations involve .x‘4) 
only three unknowns, thus constitute a set of statically 
determinate equations. 	This is known as the membrane solution, 
it has an important place in shell theory and will be discussed 
later. 
0 • G 	can also be eliminated using equations ( 4) & 
(5), leaving a set of four equations with eight unknowns. 
In fact this is the only role the transverse shears play in 
the analysis. 
Equation (6) needs some special attention - Generally 
°thus Nx" .. . . 	 It should be recalled that this can be true only if one does not neglect the factor 23/41 9 
otherwise this statical condition is violated. 
For the case of no surface loading, N x4,. OA, 	a , 
are eliminated using (4) and (5). 	The equations of statics 
reduces to three. 
bKi .)c. 	I  
	
I 	t 	 
'643 	• MX.- 	 ) 
1\14, 4. 	M cf) 	M x 
ce- ci k 	 I 
There is a remarkable•resemblence in form of these 
equations and the equations of strain compatibility with 
= 0 
- 10 - 
Dct 
tNici) 	 K 
NA I 	X 4) .:Cce 
1,0,6 
This is known as the static-geometric analogy. 
In this case the analOgy is not complete since one term 
iSEtill missing in the third equations of. statics. 	The 
reason is that W x4,--,1\1is not admissible. 	The analogy 
can be made complete by a redifinition of the shear Ni x 4, 
and torsion  
(c) Load deformation relations- 
Some statement must be made about the properties 
of the material. 	The material used is considered to be 
(i) Linearly elastic 
(ii), Isotropic and homogenous.: 
Then Hooke's Law is *obeyed. 	In this case since 
transverse stress CI and strains ez , E.,...x 4are neglected, 
the general three dimensional relations reduce, to 
	  
2 \ 
( 	 ) ) _ 	  
Hooke's Law is used to express the stress resultants in terms 
of strains and curvature. 	The relations are known as 
generalised stress-strain relations. 
Depending on how rigorously one integrates the stress 
	
'resultant expressions, different results are obtained. 	The 
differences are of the order(ti cL ) and its higher powers as may 
be seen in the following tables. 
. ;fa <<. i 	and is neglected 
during intergration:' 
intergratea expression 	- 
r are expanded in power of 
niafifth and higher order 
terms are neglected 
NI z K ( E x +A eci, ) CI, 	. v _. , cL5 	 • 
H4 .17,, 	( f_Ert, 	+-) 	E:)  
N x.4) K.(i-J) 	.--,( L. 	-- 	u Dc4 2. 
D(1- -0) ( 	K — 7f 2. 	k 	)x4 	ss 
N 1 ---..--- 	x(4, 
Do—v) 
— D ( ie:\ ,,12, 	+  f e, 	_k4) a, 	k 	4_ 
tz • 	1 —6-:- 	1 ■,\ ,, 	- + li r'\ X. I 
t 	• 
D ( 1 ,1
i
) k 
—  
71.,.,:A., /2.0' 
.There is no universal agreement on which expressions 
are to be used in all cases. 	The differences between the 
expressions are mainly on the effects of curvatures on direct 5 stresses ) or strains on moments. 	Koiter argued, using an 
energy approach, that Love's first approximation is a 
consistent one, that in general these differences are quantities 
of the second order and therefore do not greatly affect the 
accuracy of the solution- . The.choice of expression is of 
considerable value because it allows the selection of the 
appropriate -simplest stress-strain relations, for the problem 
in hand. 
1.5  Methods of Solution:  
(a) The construction of a set of equations for shells- 
Although all the necessary information for the 
construction of a set of general equations describing shell 
behaviour havt-been presented, the problem of producing a set 
of concise, consistent,and adequate equations is still far 
from being solved - some of the difficulties are summarily 
.discussed. 
From Koiter's arguments all shell theories baSed 
on Love's assumptions have an inherent error of the order h
/a. However, terms of relative order ( h/a) 2 cannot be 
generally neglected even though terms of order ( h/a) are 
neglected in the stress strain relation. 
Reissneri.s analysis of the split tube under torsion 
shows that the relation N -- 4, _ N 4), • is not acceptable. 	The 
equality Nix4,==t4also violates one of the statical equilibrium 
conditions as mentioned earlier. 
The problem of constructing a set of simple, accurate, 
and consistent equations for cylindrical shell has been a 
subject of research for many years. 	This effort is of 
theoretical rather than practical interest, since the shell • 
equation3in their siMplest forms are still mathematically 
very complicated for use. 
(b) General methods of solution. 	Shell problems can be 
solved by two basic methods common to all structural analysis - 
in terms of displacements of the middle ,surface or in terms of 
stress resultants. 
The first method is generally known as the displacement 
- 12 - 
method: 	The stress resultants are replaced by their 
expressions in terms of the strains and hence'the displacements 
of the middle surface. 	A set of three simultaneous differential 
equations is obtained involving three unknown displacements 
u,v,w. 	These three equations in turn can be reduced to a 
single differential equation of only one unknown displacement 
(usually w) by an elimination process. 	This equation is of 
8th order. 
The second method is the force method in which the 
equations of equilibrium are supplemented by three equations 
of strain compatibilities rewritten in terms of stress resultants. 
In general, one will have a final set of partial differential 
equations in terms of six unknown stress resultants. 	Its 
'solution involves the use of stress functions similar to Airy's 
stress function in plane stress problem 
In practice, the displacement method is preferred to 
the force method. 	The reason for this preference i8 that the 
boundary conditions can be easily established in terms of 
displacements while it is not yet known how-to apress geometrical 
boundary conditions in terms of stress functions. 
(c) 	Boundary conditions in displacement method. 
The solution of the final eighth order differential 
Eke equation obtained bydisplacement method consists of two parts - 
a particular integral and a complementary function. 	The 
particular integral involves the loadig conditions but requires 
no boundary conditions. 	For many shell systems it has been 
demonstrated that the membrane theory solutions can be used 
as a particular integral (see Sec.I.6). 	The complementary 
function is the solution of the homogenous equation which involves 
• no loading term. 	It has eight arbitrary constants which are 
to be determined by boundary conditions. 
The two parts of the solution have physical interpretations. 
The particular intQral -(represented by the membrane solution) is 
the effect of the load on the shell if resistance is provided by 
.membrane stress resultants only. 	Forces and displacements at 
the boundary given by this solution will not, in general, be 
compatible with the known boundary conditions. 	To remove the 
incompatibilities, forces and displacements must be applied to 
the edges (edge effects), these are provided by the determination 
of the eight constants of the compltimentary function. 
- 13- 
1.6  APPROXIMATE METHODS IN CYLINDRICAL SHELL THEORY: 
Introduction - 
Shell equations as presented above are lengthy 
and difficult to solve. 	Various attempts have been made 
to reduce the equations to a form more suitable for design 
purposes. 	More drastic approximations must be made. 
The art of approximation lies in the selection of terms 
to be neglected. 	Terms which have no important effects ) 
and introduce unwarranted difficulties in the analysis) 
should be left out. 	These terms may vary from problem . 
to problem and therefore it is important that the region in 
which a certain solution is applicable must be clearly defined. 
The engineer is entitled to use all information - available to 
him either by mathematical reasoning, physical intuition, or 
experimental measurements to make a judgment about the relative 
importance of various terms and the quickest way to obtain a 
solution. 	Most of the calculations nowadays can be done on a 
computer; reasonably accurate solutions are possible in relatively 
short time. 	However, the answer must be checked over by the 
."engineer, thus there is still a need for quick approximate 
	
• manual methods for checking purposes. 	These methods are most 
appropriately based on experimental measurements. 	In this 
section, some of the well known approximate methods are examined. 
Poisson's ratio will be neglected for simplicity but it can be 
reintroduced without any undue complication. 
Membrane Thema - 
Assumption - The shell behaviour is approximated to that of a 
membrane, i.e. there are no bending stress and transverse shear 
forces.• 
Mathematically fri x are neglected. 
) T > xcl) ) x 
Analysis - 
(i) Equation of statics - When the above terms are neglected, 
there remains Only three equations of statics with three unknown 
) 	(I) 	t\lx+ stress resultants, N The problem is thus statically . determinate 
	 ( 
N\lx._ 4_ I -N4 x  
(z) 
a_ blo 
1 4 - 
(i) Expression for stress resultants - Stress resultants 
are fanded by solving the equation of statics without using 
the equation of geometry because the problem is statically 
determinate --: N4 is given directly by (1) 
(1'4) -4 -1°. t-ic+0 	ft (4)) 
INt 	+ 	f2.(c13) 
For common loading cases where 
no longitudinal loading and 
independent of 9c, then 
r 	are 
NaA) = 	x F(4') + +;(4)) 
F(4)) 7 r4 Jo: tiN,4, 
1.)x
2 	ci.F(+) _ , (4(11) 
 
2& 	ci 
For complete shell supported on diaphrams, the distribution of 
A 
longitudinal stress 1\1 	and in plane shear 	•is similar 
to the distribution of moment and shear for beam. 	These cases 
have been considered very clearly by Flugge. 
(iii) Deformation due to membrane forces - Using the equations 
of geometry and stress strain relations, the displacements due 
to membrane theory are determined. 
-7 VA, 	X.  
NI cl 	+  
cb, (+) D 
Ct, 	4, • 
Cr T1). 
(iv) 'Note on membrane theory - 
(a) Region of application - For membrane theory to be 
applicable, the shell must be ccmplete. 	In such a shell, 
the shell shape conforms to an internal network of forces 
which follows the curved shape of the membrane. 	An 
where 
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example of a pure membrane state of stress is a pipe 
subjected to fluid pressure. 	If the shell is not 
complete v e.g. shell roofs, or the load is not uniformly 
distributed, e.g. ring load on pipe, membrane stresses 
alone are not sufficient to maintain equilibrium. 	Bending 
stresses are set up. 	In general membrane theory gives 
/ a good insight into the structural behaviour of the shell, 
its stress productions are good in those regions away from 
boundaries, concentrated load, cut-outs, stiffening ribs. 
.(b) Structural actions of cylindrical shell according to 
membrane theory - A close investigation of the stress 
resultant expressions shows that 1\14 is independent of 
the boundary conditions and that it is the same for all 
'cross sections. 	N, is dependent on radial loading p r. 
only. -Thus if p.1. 7 o.) then N = o at the edge. 	This 
can be achieved by using a shell with a vertical tangent 
However Nx4 does not vanish, therefore it is still nec-
essary to provide an edge member to transmit the shear. 
It is also possibleto choose a shell shape so that the 
load is transmitted wholly in the transverse direction. 
If the cross-section is a funicular curve, the shell 
_becomes a .series of arches and beam action completely 
disappears, e.g. cycloidal shell under uniform vertical 
load. 
(c) Use of membrane theory - In preliminary design, 
membrane theory is used to estimate the overall shell 
dimensions and thickness. 	Various cylindricalprofiles 
can be tried, membrane stresses are calculated to find 
out the most suitable shape, e.g. circular, parabolic . 
It can. also be used as a first approximate solution 
.upon which corrections will be made to determine the true 
stress distributions. 	For the'genral solution of the 
differential equation governing bending behaviour of shell, 
membrane theory can be used as a particular integral without 
any great loss of precision. 
(v) Example - 
(i) Circular tank 'under hydrostatic pressure 
If both ends of tanks are free 
to slide and rotate then 
membrane theory is applicable. 
— 1( A-1- x) • 
Where 1= specific weight of licluid 
t 	CA. pr= a 1xY  
according to membrane thDry 2. Op, ( 
Longitudinal slope tk1- *Ya. 
E (ii) Barrel Vault --,Circular barrel vault under uniform 
1\14) 	Radial deflect ion 6.) 
- 	 Ect, 
Displacement of tank 
Displacement of barrel 
where 4- 	.?",z. z----- 	 ID ' 7- F4 5 • 	L Vertical deflection 
7.-. -.. - ■3' S i ■e4 + (-AT Co ,.. 4) 
Horizontal deflection 
- 
pr = 11) cosci) ) 	= ring' ) 
_ 0,.cos4) = — ) 	xi) 
- 	) cos + 
4 
vault due to Fourier series.loading1 
vert ical load r . 
then 
-o- 
• 	 b 
1 - ir . 	. c o scb . cos ?.x 
EV1,61.. Ap.e:5 
= 
Lon 11 -11- X 
CAY ) 2- P z ct2 	+ cos 
c0 
2 lb 	r 	2. A4 2- 
a,6 	L 	2c1 	-I- -2- -Kos +19.illX:X 
r1 2- 
-----•14 COS 4), SiTIAX 
EE .r;t. 
Beam on Elastic Foundations Analogy - 
(a) Assumptions 
This method was established for axisymmetric loading 
for complete shell but it can be used in a wider context which 
will be discussed later. - Axisymmetric loading allows the 
following simplifications: 
4 	12. X = 
- 17 - 
(i) No tangential and longitudinal load Ip x 0 . • 
(ii) No longitudinal and in plane shear stresses  x __ ;q__ • 
(iii)No transverse & twisting momement 1\4z0 . Mz+ 
(b) Analysis 
(i) 	Equations of statics - when the above terms_ 
are neglected, the equations of statics reduce to: 
Q 	 0 
Equation of geometry 
(iii) Stress strain relations 
N.I t =7-- 	K ei, 
N 	=b 1 7c 
(iv) Differential equation. - Equations of statie 
are reduced to one, substitution of equations of 
geometry and stress strain relations give the 
following differential equation: 
cil-c0- D -74 	K 
GU 	
— 
) 	 Efq,. • 'where D =  	K.  
Equation is rewritten as 14_ 
CLa:4 	4 X4 w- -__ I 2" Pr VJ e.r a 
Solution to the above equation is 
Ax 
= N7) + e (C I cos)vx - C2 Sin XX ) 4 e (cs cosi\x— C4 GYI 
where rX) is a particular integral : 	( )4) == 	Pr . 
This particular solution represents the state of membrane 
stresses in which there is no bending. 
( )(Ay) 
(2.;\.m c, 
1N- 1) 
c , 	 >\1\1 0 -) 	c, 	. 
C z . 2 k) . 	p\Mo(sii.e0\x_ - cosi\-x- ) 	Q0 5 X xi 
X. 
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The general :solution 
has four constants which are to be determined by boundary . 
consideration. It shows the influence of the edges which. 
may be interpreted as two waves, each emanating from an. 
edge. 	These waves dampen quickly. 	The nature of the 
damping is characterised by X In practice the 
edges do not influence each other since each edge has 
one wave which is dampened out quickly; therefore C= 0 
(c) Note on beam on elastic foundation analogy 
By virtue of axial symmetry, the two dimensional 
shell problem has been further reduced to one dimensional. 
is the simplest bending solution for shells. 	It also 
exhibits the general. characteristics of bending of shell 
(excluding inextensional bending) i.e. any bending moment 
is quickly dampened out and therefore bending state in 
shell, bends to be a local problem confined largely to a 
small region near the disturbance. Haas andBouma' 
have shown that this characteristic is common to all shells 
of positive curvature. • They suggested a general approximate 
method to evaluate the edge effects of this kind by using 
the concept of effective widths and characteristic lengths . 
with similar governing differential equation. 
(d) Example 
(i) Ring load on cylinder — As shown,ihe above solution is 
1V1°C f 64  = e-xx. Cz siv) X 
 ),) =-D 	= M 0 
x=0 
( 0 clIty 
d. 
= QQ  
(Cti) + INA 2)0 	 (2\M 0 
Q. 
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For ring load P 
At the point of application, the longitudinal slope is zero. 
= 0 	 M _ 0 	2 	0 bcky\ 2X 
M 0 = 
4h 
It is interesting to note that this method gives the moment 
at the point of appl'cation as 1\11 	. and also the x 4A .assumptions imply that direct longitudinal stress at this 
point is negligible Nx:= a . 	In section ( 1.4 ), 
the stress strain relation, for Nx is own to be 
N x 	D 
Ni 1,c 	K 	x • 
az 
This example does not invalidate the result of the analysis, 
it only shows the approximate nature of the solution. tA z_ (Numerically --:— is a small value). 	The same sort of ot,7- 
discrepancy might be detected in many similar problems. 
(ii) Circular tank under hydrostatic pressure 
X =0 
In this case  
Thus the particular integral 
becomes 
\)x = 
same as that given by membrane 
theory. 
The two constants of the complementary function be obtained 
by boundary condition. 
In a fixed end tank, the boundary conditions are — 
no radial displacement) at lower edge no rotation 
Alternatively one can take the membrane solution as 
. a first guess; the errors in the membrane solution are then 
the displacement at the lower edge. 	To correct this one 
needs to apply a shear Q.. a moment Mo at the end of tank. 
• ( (k)r) 
	
x...0 =-. 	1 	 ( ?\ M d 4- & ) 	-nz ft  _ o 
_ 	! ' 	2.?\ M,. _ P ) 4 ( 	(, 4 	_.., 0 	.. :61(2.!: 	= 0 
2.— x.., c, - 	• 2. X2- D - Eq. 
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Beam Arch Theory - 
Assumptions - The beam arch theory approximates the 
behaviour of a shell to that of a beam in the longitudinal 
direction and to that of an arch in the transverse direction. 
This implies the following factors may be taken as negligible. 
( ) 	Deformation of the cross-section 
(ii) Longitudinal bending moments Mx, torsional moments 
Nel, 	 and radial shear forces a x. 
(iii)Strain from in plane shearing forces 1 Xi) 
Analysis - The analysis consists of two parts 
(i) Beam Analysis 7 The shell is regarded as a beam of 
curved section. 	Beam formulae are used to estimate the 
longitudinal stress Nx and in plane shear 
INA 	 V Q 
= 1 6 
For a symmetrical section 
5111 	 ?n 
	
"Pt. 	Si n (Co s 	2sin 95. F 	• 	, 
(ii) Arch 
For a slice of shell dx, the 
2a2 k vertical loads p are held in equilibrium 
by the vertical component of the shear 
„1„ 
Si Y1 4) 	 - 	V-1 st' b 	I 
The moment tv\ i, at any point is found as 
the sum of the moments of the loading 
and of the vertical shear components by usual arch 
analysis. 
When 1v4 is known L and 1`11) Can be calculated. 	16 
Note on beam arch theory 
(i) 	Discussion on the assumptions of the theory - 
• The first assumption is that "plane section remains plane" 
which is the heart of beam theory. 	The stress resultants 
neglected in the second assumption are usually small, however 
no statement can be made on its importance in the derivation 
of the other stress resultants such as transverse moments 
and stresses Ni x ) N!),I; 	The third assumption is usually 
made in flexural analysis. 	In general, these assumptions 
violate the basic shell equations but if they are approximately 
true, then beam theory can be used with reasonable confidence. 
7_ = 
Analysis - 	H 
V4 
va 
2E 
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liblation between beaM.theory and membrane theory 
J. 
a = 2fia'si n 
= 	11ci. 
=.. 
Consider the barrel vault 
section as part of a 
complete shell subjected 
to the same loading intensity. 
Beam analysis of this hollow 
beam gives:. 	
L 4-3c
z 
= ctcosct 	• 
V = 	2-71- • a • x 
	
2.1T . a ( l_2 - 4 	) CO SCIP. 
. 	 co s 	( L2 — 4 4c 
r . fi G12 . 5'1 n 	2 	.)C 
2. -11 . ctl 
2r)SiY) 	. DC 
These results are identical with those given by membrane theory. 
(iii) Application of Beam Arch Theory 
As the assumptions imply, beam theory can only be used when 
the shell is fairly long. . Chinnl stated that the beam method 
can be used for any shell provided that the assumptions made 
are justifiable. 	He studied the case of ratio of length 
L  to -radius 	= 1 . 1 	and 	= 0 	andibund satisfactory 
good results in both. 	Parme and Corner in a subsequent 
discussion on the same paper suggested that limit 
They also provided tables for symmetrically loaded shell 
which gives values directly. 
Beam arch theory is applicable to any kind of cross-
section while other bending theory methods tend to be restricted 
to the circular shells. 	It can be modified to be used for 
shells with non uniform thickness or shells reinforced with 
ribs . and edge beam. 	Chronowicz claims that line load, on shell 
can also be treated this way. 	Ramaswamy - analyses north 
light shell with beam arch theory. 
Although the beam calculation is simple and provides 
quick and reasonably accurate . information on longitudinal stress, 
the arch calculation is usually lengthy and tedious. 
Calculations must be performed at a very high degree of accuracy, 
as most of the values are small differences of large quantities . 
Bending Theory  of Cylindrical Shell  
Introduction - The- most exact theory for the analysis of 
.
bending of cylindrical shell is that proposed. by Flugge. 
Analyses based on Flugge's equations are long and complicated. 
Various attempts have been made to simplify the calculations 
such as the works of Ams-7Jakcbsen, Finsterwalder, Donnell, 
Schorer.... One common feature of all these' theories is that 
the loading is expressed'in terms of Four -der_ . series. 	With 
•this loading, the stress resultants and deformations Will be 
in trigonometric form and the boundary conditions at the 
simply supported ends are automatically satisfied.. 	In this 
section, the two most well. known shell bending equations are 
presented, the Schorer's equation and the - Donnell's equation. 
(a) The SChorer Theory: 
Assumptions 
(i) Longitudinal moment 11 x and shear a x. are small. • 
Torsinal moment M is also neglected. 
(ii) Tangential strain sand shear strain /x4. are 
small compared with longitudinal strain 
This allows a simplification in the equation of 
geometry. )uL • Ck.) 	 • 
?, 	 a 6 4 
Z. 	Analysis 
Subject to the above simplification, the three basic 
sets of equations reduce to 
( 
) Equations of statical equilibrium 
0 
0 
0 
=0 
In terms of w 
where 
In terms of u 
(v) Solution 
The solution is. of the form 
The characteristic equation is 
This equation has 8 . roots 
yvv., 	
- 	
0( 1 -1- 	- 1,Y 1 5 
	
- 	= 
Yr 	 - 111 7 
TY) 4 
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(ii) Equation of geometry 
) 	
▪ 
fk
- 
) 
e X- — 
)0" 	a W. Oj == 
(iii)Stress strain relation 
Mi = \ 
Schorer equation 
Eliminate 1\1 4, 	) 1•c 4, from the equation of statics 
then use stress strain relations and equations of geometry 
to obtain Schorer equation. 	It can be written in terms of 
the radial displacement w or longitudinal displacement 11,. 
0 
11/4 	Ytt 
le, X 
("lr = 	e cos 	 
Expression for w (.2 ,1) 
.= [e,(1)(A ncosei + 	Boski p) 	e 	(c..Cos (1 2. ++ 	cosX n r9 
Expression for other stress resultants and 
displacement can be derived from expression for w. 
24 
3. Remark on SchOrer's equation 
(i) Range of validity - Schorer's equation is in fact 
12. a radical condensation of the Finsterwalder's equation. 
Schorer himself limited the analysis to shall having al L span to radius ratio 	n : the shell is fairly long. 
This limitdion is also implicit in the assumptions that 
tangential strains and shear strains are small. 	Toitenham 
stated that Schorer's equation is applicable for most "practical" 
shells with insignificant error except for the class of short 
shell where radius and chord widths are much greater than 
the span. 	Thus Schorer's . equation has wider range of 
application than. Schorerl himself anticipated. 
(ii) Advantages of Schorer's equation - For the class 
of shell where the equation is applicable, it offers the 
simplest possible analysis of bending of shells. 	When 
written in terms of radial displacement w ; the equation is 
'particularly suitable for the analysis of long -shell with reinforce 
edge beam,or prestressed edge beam. 	When written in terms 
of longitudinal displacement u, it is suitable for use in 
problems where there are irregular change in longitudinal 
strain, e.g. tank on elastic foundation, irregular support 
etc. 
(b) The Donnell Theory - 
1. Assumption - The Donnell theory approximates the 
structural action of a shell to that of a disk (in plane 
a action) a plate (bending action) and a membrane. (Ifiembrane 
action.) . This theory takes . into account 	Q x. 
which are neglected in Schorer's theory. 	However it 
neglects 60,1 . when it occurs together with 	• 
14 
2. Analysis 
(i) Equations of statical equilibrium 
(X 	CL 
1\1 	a )1\1 TAL 
a -LSI. 	4- NI _s47_ 
0 
(iii) Stress-strain relation 
N, 
M 
-?).„4 
x+ 	2_ 
N\x4 - - 
-- 25 - 
1\1\ ctL 	0 
-0 
a (1\1,4  __ 
Equation of geometry 
	
E = -- 	e . 1 ( v. o.) ‘(-)i,t. X 	x 0 \ 64:, - c i 
■ 2- g-00- 1 
) 
__ 
o x. 	
V — 
4' 	02 \ _li, 2. 
.4 X — 7-2- 
Q GU  
(iv) Donnell's . equation 
Substitute stess-strain relation into equation of 
geometry then to the equations of statics 
= 0 	 (I) b)c-. 
( (U '') 
.2- • r 	?ico 	°v., 	2- au. 0 ----- ;c-N) C .71))- 747 
gC0 
(4. W.) . 	 2 . 
4 	2 a co 
4 .--..t....-a 	
•-,-- --r) = 
r  
Apply operators 	a ,*--)--,y-4., ) --„thz, 	and 1. 6 5----z!- 4- -47-jinto 
(i),(ii) & (iii) respectively: 	The equations reduced to 
4 
E
?. cky, + 	a 	0 CO = CI ---- ÷ 	 0 
x. z 	-z 	0.. 	x4 
*1-. == 	-1 12 a' 
Solution - Again, the solution is of the form 
A rt' coS 
CI 
where 
(.v ) 
Lcr 
The characteristic equation is 
- 
7... \ 4 
• = 
which has 	roots 	nl l 	o4 	I = 	+rn s- 
rn 	'')(t 
1 1 3 = 6( 2. +- 	 7 	n1 7 
m4. = 042 	. — 
A general displacement form 
r -of 4'(  
= 	
f risin f1 (0 	e. 	C_,, cos ( 2.c13 n 4)]cosxn__ 
Expressions for stress resultants and displacements 
can be deduced from this in the usual way. 
Remark On Donnell' s theorL 
Donnell's theory may be termed 'exact' compared 
with methods examined so far in the sense that it does not 
•Amit any stress resultant and in that it is applicable 
to shells of any proportions. 	It is glso the simplest 
of all other 'exact' solutions. 	Hoff'and Kempnerl6have 
investigated the accuracy of Donnell's equation by 
. comparing its solution with that of Fluggi.e's.equation. 
They found fairly good agreement over a wide range of 
dimensions and loads. 	However Hoff reported that when 
the length of the cylinder is much greater than the 
diameter, the results are inaccurate. 	The A.S.C.E. manual 
on cylindrical shell roofs considers. the theory as accurate 
enough for short shells whose span to radius ratio L --- 
Donnell derived his equation in the study of 
elastic stability, of cylinder T the equation can be alternatively 
derived as a special case of the general theory of shallow 
1.7 Conclusion: 
. It has been shown that two dimensional shell theory 
is an approximate theory. 	Approximations have been introduced 
at almost all stages of analyses. 	The validity of such 
analysis might be questionable when there are so many 
approximations and they are not always consistent., For 
example transverse shear strains are neglected while transverse 
shear stresses are not. 	Unfortunately the same argument may 
• be applied to most of structural theory (e.g. elementary 
• beam theory uses the same approximation). 	The only possible 
justification for these approximations is experimental evidence. 
The analyses have been accepted mainly because they have - 
. produced satisfactory desigrB in practide.. 
The methods of analysis presented above give 
adequate too] for designing commbn shell structures, i.e.if 
the shell has no irregularities,Sthe load is uniformly 
distributed . 	If the shell has irregular boundaries, cut-outs..,. ,r • 
, Conclusion: (Cont'd) 
if the load is concentrated or irregular then the present 
analytical theory is either not capable of providing a closed 
form solution or the solution is so complicated that it is 
not suitable for usual design office procedures. 
Thus there is a need for - 
Rapid, simple . experimental methods) so that JH 'measurements 
can be made, thereby enabling the' use of model testSas a - 
method of design and the formulation-of simpler model for 
analysis. 
Numerical methods to deal with situations which analytical 
methods are not able to handle efficiently. 
Quick manual.methods for checking purpose. 
These problems will be dealt with in subsequent. 
chapters. 
-- 28- 
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CHAPTER II 
MOIRE LIGTENBERG METHOD APPLIED  
to 
CYLINDRICAL SURFACE  
2.1 	Introduction:. 
The analytical methods for solving the shell bending 
problems are long and complicated; moreover they cannot 
handle any irregularities that might occur, such as non-
rectangular shapes, .cut-outs,orconcentrated loads. 	There 
is a need for obtaining a good insight into the flexural 
actions of shells so. that approximate methods can be 
developed, based on simpler models. 	In this chapter, an 
•experimental method of recording contours of slopes in 
the longitudinal and transverse directions of cylindrical 
. surfaces is investigated. 	the method is an optical one 
based on the phenomenon of Moire fringes and it is an 
extension of the Ligtenber.g. method for flat plate. 
The Moire Phenomenon - A Moire interference pattern 
is obtained by crossing two slightly different systems of 
distributed lines. For the Ligtenberg method, a ruled 
screen is placed in front of a model having •a 'reflective
surface; a camera is located behind a small hole in the 
screen. 	The reflection of the screen on the model 
gives a pattern of lines which is recorded by the camera. 
An exposure is first made with the model unloaded or with 
asnall initial load; then the full load is applied, a . 
second exposure is made on the same negative. 	The 
interference of the two'images:produces Moire fringes. 
2.2 A brief . summary of Ligtenberg method for flat plates: 
-(a) Essential features of fringe formation. 
/ Screen 
IQ 
CC rnera 
"4-11,40,1e.1 
- 30 - 
The slope 4) of a point P on the plate is determined 
by measuring the distance RQ on the screen. 	If the 
screen is flat, then 
	
R = 	 62- • 
Cr = distance from screen to model. 
model half width. 
where b /a is the field of view of the apparatus and it 
depends on the dimensions of the plate and its distance ' 
from the screen.' 
If the model is small and kept far away from the 
screen then 	tz. <‹ I 	hence 	oR 	2 aci) 
Provided that the ruling on the screen is equispaced, 
all points which have the same amount ofc.::change of slope 
will have their images on the film displaced by the same 
• amount RQ and create a fringe. 	Thus the fringe iS -a- curve 
of constant slope on the plate. 	This slope i8 measured in • 
the direction perpendicular to the directions of screen 
ruling. 
• It is desirable to maintain the simple relation c_w\=2.,:,4) as 
basis of fringe formation. 	For this relation to be 
.exact, one needs to have PQ.PR=a for all points P on the 
plate. 	It is seen at once that this is not possible, 
however with a judicious choice of screen shape, the 
variation of the 'reflected light paths' can be kept to 
a minimum. 
(b) Shape of screen for flat plate - 
The correct shape of screen for flat plate can be obtained 
either graphically or analytically. 	The main criteria . 
is that the reflected light path must be approximately. 
constant. - 	Ligtenberg has solved the problem completely 
in his paper. 	He suggested that a circle of radius 3.5 
to 4 times the distance from screen to model gives the 
least error in slope (for a field of new -57 = 0.4 the error 
is less than 0 .3%). 	He also suggested a range of pitches 
of ruling of screen for satisfactory fringe formation (about 
11 lines 'per inch). 
Screen 
■ 
skpO Surcoce 
0 
Fi \--)rne  
:mod 
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23 Extension of the method for cylindrical surface: 
• Ligtenberg method can be extaaded to cover the case 
of cylindrical shell. 	For simplicity, we will confine 
ourselves to circular shells, however the method is, equally 
applicable for any other glindrical shell. shape. 
(a) Graphical derivations .-. 
' For a given siz'e of model and distance from.screen 
to model. 	The correct shape of screen can be determined 
by ray tracing for a number of points on the model surface 
as shown in Figure 2. 
, From various ray tracing exercises based on the 
' principle of Constant reflected light paths, it was concluded 
that a circle can be fitted reasonably well through the points 
- defining the screen shape. 	The centre of the screen is offset' 
to that of the shell. 	The three main variables of this 
problem are the screen radius 'R', the model radius 'r' and 
the 'light path"a ■ . 	Given any two' of these, the third 
quantity can be calculated. 	Therefore it is necessary to 
construct only one screen, this screen can be used for shells 
of various radii by placing the shell at the appropriate 
distance. 	All the information can be condenced into one 
a single graph by plotting F against F ( (see graph 1). 	It is 
noted that the relation between and 	becomes nearly linear 
for g..>  2. • 
	_L   	
2. 3 	 5 
4 
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(b) Analyti al method. 
X 	Ct. 
The reflected light path 'a' is given. 	The shell 
is circular, a point M on the shell surface is specified by 
the angle . 8 . 	The camera sees the point M at the 
angle .2c. 
If p is the reflected angle then 	== 76+ 0 
Coordinate axis are set up from centre of camera. 
'Let 	be the angle of the reflected ray and 
= TT- - 2 	= Tr - 20 - -?! 
The position of M is given by 	x 	r 	ielco 
u 	rsin 	. 
Camera angle is given by 	1 	c2 rta 
The position of P is given by: 
X 	r (I- cos() ) + Ctc0.0 . 
Y 	rsie) 	+ osin 4) • 
A computer program may be written ) following the above 
analysis, to obtain a suitable shape for the screen. 	The 
use of the analytical method is not recommended since it 
is much quicker to solve the problem graphically. 
.2.4 Experimental Set-up: 
, (a) The Screen - A screen was constructed following the 
above consideration. 	A sheet of paper ruled with lines of 
constant pitch was glued to a flexible aluminium sheet to 
represent the screen. 	The screen was fixed to a steel frame 
to form the.desired circular shape. 	The distance between 
camera and model was calculated so that an adequate field of 
. view was available. 	The ruling on the screen was made to a 
pitch of two line per inch and five line per inch. 	The 
rS irl 
C4 r - rcos e 
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reduction of pitch due to convex surface in then easily coped 
'with. 	For a model of 10" radius placed 20" from the catera l 
a pitch of 5 lines/inch is just distinguishable with naked 
eye and a Pitch of 2 lines/inch gives good contrast. 
Lighting - Two systems of lighting were tried 
Circular neon tube (100 watts) gives uniform 
lighting but contrast is not very good because the 
light is too diffused and because of insufficient 
intensity. 
Standard light globe (500 watts) gives better contrast 
but lighting easily becomes uneven if the lights are 
not adjusted properly. 
Since the shell surface is convex it is not possible 
to put the whole surface into sharp focus, therefore it 
was decided to choose a position that put the whole picture 
into a good average sharpness so that the rulings are 
distinguishable everywhere. 
Kodak photomechanical films Ortho type 3 are used, they 
give sdisfactory results on low apeture opening ( 6T ) and 	• 
long exposure time (1 - 2 minutes). 
(b) The model - Any material that can be formed 
into circular shell shape and can be made reflective on one 
side may be used for the model. 	In forming the shell shape, 
mechanical or heat treatment processes are usually employed; 
therefore it is important that these processes should not 
alter the physical properties of the material too much, 
otherWise it will be difficult to determine the physical 
constants associated with the model. 
Relative merits of stainless steel model and plastic 
model are now discussed. 
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(i) 	Stainless steel models have the: advantages of 
- Fairly uniform thickness, this is very helpful 
since any variation in thickness will affect the flexural 
E II  rigidityE):= 	and it has been shown that these 
variations affect the shell's behaviour very considerably. 
- Constant physical properties; variations in 
Young's modulus and Poisson's ratio are usually small, the 
material is fairly isotropic. 
- No tendency to creep. 
• But they also have thefollowing disadvantages 
- High stiffness which will require large load 
to cause recordable bending deformation (as shown in chapter 
I•bending deformation is only secondary deformation for • 
shells). 
-A quick model analysis will show that the material 
is not suitable for modelling shell roofs from prototype 
structures, e.g. concrete shell with radius 30' span 120' 
thickness 4" - Model is to have a radius of 10" Span 40" 
then the thickness will be 0.33". 	This thickness is too 
excessive' for practical loading to cause any bending 
deformation. 
(ii) Terspex model - Perspex has a lower Young modulus 
and therefore it is more suitable to model shell roofs from 
prototype structures. 	The greater thickness also allows 
larger deformation and still conforms to small deflection 
theory. 	However, peupex tends to creep and its physical 
properties may vary severely from sheet to sheet. 
To make a shell model it is necessary to form 
the material into circular shape. 	For steel, this can easily 
be done on a rolling . machine without greatly altering its 
thickness. 	For plastic, a heat treatment is required to 
soften the plastic this will considerably alter the uniformity 
of its thickness. 
Various other materials can be used for modelling 
such as brass plate, painted steel, etc. 	It was decided 	to 
use stainless steel model for the preliminary experiments 
since it was simplest to make and a great deal of information 
• is stillobtainable with these models. 
sore 5. 
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2.5 Relation between photographic picture  and actual shell surface: 
Due to the convexity of shell surface, the ration between 
photographic picture and the shell surface is no longer. 
simple. ,Certain distortions occur and they must be clearly 
recognised. 	It is also important to distinguish between 
the original shell slope and the slope of the deformed shape. 
The fringes only measure the change of slope. 
(i) 	In the longitudinal direction - There is a slight 
distortion in the longitudinal direction. 	This is shown as 
a slightly curved line on the photograph for a straight line 
on the model (see Fig. 4). The reason for this is siOple . 
(see Fig. 5). 
Consider two equal lengths 
AB and CD on the model. 
As seen from camera 0 
AB = 2 00 1 tan 0( • CD = 2 002tan o■ • 
Where 001 = 00 2  cos 
As 4) increase 00 2 increases 
Thus ) on the photograph) CD 
isonger than AB; therefore 
while 010 2 is straight on the photograph, AC and BD are curved. 
This distortion is quite small but it varies with the field of . • 
view and the distance from camera to model. 
. (ii) In the transverse direction - There is a reducing 
effect in the transverse direction due to the convex surface. 
The image of the screen on the photograph has varying pitch 
since it is a-projection of the curved shell surface on a 
plane. 	When this variation is accounted for, the number 
of lines . per inch of the image of the screen on the model is 
approximately constant. 
Graph 2 - obtained by ray tracing - describes the 
relations between various angles involved and it is seen that 
most of the relations are approximately linear for the range 
of shell angle 0-40 ° (within 5%). 
(iii), Use of the photographs as a means of measuring 
the shell curvature - 
If the surface is smooth and of constant curvature then 
the number of lines per inch of shell is approximately constant. 
- 37 - 
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Thus the pitch of the lines on the photographic a measure 
'of the curvature of the shell. 	If the curvature varies, 
experiments show that the pitch of the lines on the 
photograph also varies.. Graph 3 shows the relation between 
the pitch of the lines on the photograph, and curvature of a . 
shell measured by another means. 	It ds seen that the apparatus 
can be used as a curvature meter after some calibrations. 
A single exposure photograph shows the variation of the curvature 
of the shell. 
(iv) Fringes.created by rigid body motion - A minor 
drawback of Ligtenberg method applied to cylindrical shells 
is that a rigid body rotation about the vertical axis of the 
shell produces fringes. 
Friges are also obtained with a translation movement 
as shown in Fig. 5. 	As.both types of fringes correspond 
to displacements which do not strain the shell, they must 
.be allowed for to. obtain a correct picture of the actual shell 
deformations. 
(v) Errors in measurements of slopes due to radial and 
tangential displacements 
Fi9ure  8 
— 40 — 
.- 
'.Radial and tangential displacements cause errors in 
measurements of slope. 	These errors can be evaluated 
and allowed for. 
A radial displacement (.47 at shell angle cl) causes 
an angular displacement as seen from camera 
a . 
If the points P and P
1 
 are sufficiently close so that 
the slope change due to the loading of shell is approximately 
equal, then the photograph records an extra amount of slope 
change SJ) . . The effect of radial displacement in slope 
measurement is most pronounced near the shell edge and is 
very small near the crown. 
A tangential displacement \Y similarly causes an angular 
displacement recorded on photographic plate 
S I) 
 
(See Fig. 7) 
Both of these errors could be substantial and should 
be corrected to obtain a better measurement of slope. 
2.6 Some simple eXperiments: 
The following experiments were carried out to test 
the above measuring technique. 
(a) Experiment No. 1 - This experiment was designed to test 
the accuracy of the technique for measuring slope in transverse 
direction 
The model shell was given 
a known amount of displacement 
by applying a concentrated load 
at the edge (see Fig. 8). The 
crown of the shell was prevented 
from moving. 	The bending of 
the shell is largely inexten-
sional. 
- 41 - 
• i f 	 ..,: 	.., 	 . , . ils 1 ,.. 	pliquirliii:Infilrilloi-H11:1010-1 1-tin iciii i ifi.ii ji,iii.ii ,..iii
.i.:.iiii.liiiii.liiii.rii'ilIJ'f''''!'''''''-'1"----72----
-s;" 
	
..!...ii........„,..„,, 	" 	e 	0 
-;.• - "- . 	• • 	, ---.•.7-7-----.... 
-...-;--"" - 	. • " •"" 	1 1: 1.--;' ° ' 	•-"'" 	' 
JO 	- J.! - • J5 
_ 	
-..-... ..-....-..-,--..---,==-7- (: 	
•r) 	
• :Z: 	.:`. 
' •:1',1 , 
:I. 
--'":  '-'4 .1,--,-7,- 	'.....,._ 	._ 1* :I__  •::::-. - . -.7.:. ---,::,-.1.1f -.-..7.' 	‘, -77%. :::::;-•- - ■ . ••., 	' • -,. • ,--------...... 	• 	• •,... : 	1 • 
..;_:.....:.-7......--2--. 1 
_--,= 	• -._'_..f__ Li .'":' 7! 	'... I:, 	'"1":". 	. :? % 	 ;!..' IFF -' 	
• 	-- 
ii- 	
--,r- •, • ,: :1 	*1;"" '•"-' , • 1 	:. :..1:..:L....2..-.-""---li . .. 3 	. , 	 0 	. 
: 
S .cL8 tdc18 2-90. 
,.,1-0 
-1-- 
i. ,..,,y 	ut.sin, - _ 
. 
ci 9 8 O.' t-1.80 1 o ct 	0, 
I . 60 o. 0033 o. ooS;› o,0053 r, 	
1 4
 c
')  
N
  
0
 ( , 1 	
fo 
cl 	
r0 
o.00  
4 . 066-1a1 0. 0 13j , L40 4 o. 0191 6 . oCcI ,C1 c.o 1 -363 
I . 	13 
o, 8) 
0 • 0165 
0.0Z.1 
4 .0 I al 
0 . 0 tro!„- 
o. o -375 
0 . 0 556 
0. oc. 1 
a , oaS 
0 	0 . 0 l6s, 
0.0 045 	o.. 0 26. 
o1&6 
0.015-1 
C. 6 c)..C2q7 0.0!6- 1 oLo7 , 0 0. 00 7 6.0078 	0. 0210 0.0(1;5 
o.46 0. 0 "3/33 . 0 . 01G o. 0880 6.010 0-G1ZZ 	6.0 9 3'5 0 , G 1 (3'jl 
0 . 28 0.06,- -)q 6: (312.o 0.1 .000 o.ari 0.*o rio; G.0 	5'1 ° -0 ° 73 
o . 23. 0, o-=I-15 c . c 113 0.. I 	1 1 3 o.c114- 6.0 Zoo 	,n.02,1&-- 0.00E8 
0, 11 0. 05E)- 1 0.0067 0 ,1 Ko o.oIS- 0,0230 	0 .05:5k  
0,06 0, c(...-7 27 c.,.. co 3-0 0 .11 .:> 0 0. c16. o:c:..'..7-G 	n.0371 c.,-• cc:50 
2:54 I 	I_ 	1- lel 	nOriZovl iq 
r d q I -ctuse 
o. I1 , on co l'reclie 
= o. o 9 7 ( co rre 	• 
ryleqsurernen 	=  
if 
jisrIcicevnevir 
Fi ci k.) re. q. 
7 42 - 
By the technique of double exposure, fringed were obtained. 
All the fringes were straight confirming that they are indeed 
lines of constant slope. (Fig. (4) 
The amount of movement at the edge can be obtained' 
from the fringe measurement as follows:- 
Consider only half of the shell 
85 (AS (symmetry). Let the curvature 
of an element ds be chahged. by 
an amount [4\ 
Let u be the horizontal displacement, 
14, 
chA.. 	4z\Js 	uclO . 
Total horizontal displacement is 
obtained by integration. 
= 	tv14 
The total* horizontal displacement 
is 	measured with dial gauge. 	This causes considerable 
radial displacement and the slope values of the fringes near • 
the edge are corrected with the formula 
-t-ci ( (I) + 
derived in the previous section. 
Fig. cl presents the fringe pattern and the tabulated 
results. 	It is seen that the radial displacement correction 
for slope is important in obtaining accurate measurements. 
(b) Experiment No. 2 - 'Twisting of a shell having end 
traverses. 
The shell was supported at 
A,C and D. 	Load was applied 
to B. From symmetry all 
.corner reactions are equal in 
magnitude. Vertical deflection 
At B was measured with a 
dial gauge. 
Photographs were taken with screen ruling inIoth directions. 
(See Fig. 10). 
It was found that the application of the load inadvertently 
rotated the shell about the vertical axis. These displacements 
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(i) Calculation of twist from dial gauge measurements. 
Displacement in x direction u. 0.22. 
_Displacement in y direction v = 6.25". 
Displacement in z direction w = 0.50". 
Twist due to w (assuming constant twist over the whole surface). 
— 
2. _ o • 6 a 	 oG 
cY)c- 2x IG 	°°44/1 
.(ii):Calculation of twist from photograph. 
The photograph also record the slope change due to the rigid 
body rotation about its vertical axis. This must. be corrected ' 
by taking a photograph of slope change due to rotation only 
and subtracting it from the first photograph. The results 
are plotted in Graph 4 
)ce  From measurement of 	2 the twist is 0.0046/1n. 
• II 	" 	the twist. is 0.0045/in. bF 
The maximum difference between the three results is 
less than 5%. 
(iii) Some comments on the photographs of contours of slope. 
Figure 10 presents photographs of contours of slope obtained 
by twisting and rigid body rotation.The contours of slope in 
longitudinalddirection are straight lines. This suggests 
that straight line in the longitudinal direction remains 
straight after twisting the shell. Contours of slope in 
transverse direction are anti-symmetrical about the longitudinal 
axis. 
2.7. A shell problem.  
In this section, the problem of •a concentrated load on a 
Shell edge is investigated. The aim is to show the use of the 
new experimental technique in solving shell problems especially 
in conjUnction with energy method's. 
.(a) Description of the problem. 
Details of the model: 
Material: Stainless Steel. 
Thickness h = 0.023". 
Young modulus E = 30 10.6 psi. 
Length2L = 8", 
Radius a = 5". 
Shell Angle 4)0 . 6° ' 
Load P = 5 lbs. 
The shell was held rigidly at four corners. Loads were applied 
vertically at the center of the edges. 
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(b) Measurements. 
-- The shell mode] was set up in the laboratory and measurements 
were made: 
- Deflections were measured with 0.001" dial gauges. 
—Strains along the edges were measured with Huggenberger 
mechanical strain.gauges. 
- Surface slopes were measured with the new technique • 
described above. 
The results are presented in Graph 6. 
The measurements give the experimenter an appreciation of 
the problem and an understanding of- the way the shell carries 
its load. These insights are valuable guides for the formulation 
of the mathematical problem. From measurements, the following 
observations are made: 
- The shell carries its loads mainly by bending action. 
Considerable moments are recorded at regions around the supports 
and at the point of application of the load, in both transverse 
and longitudinal directions. 
Deformation of the shell is concentrated in a small region 
around the. load . It _varies. rapidly in the transverse direction 
(exponentially perhaps), no definite trend is obseved in the 
longitudinal direction. 
(c)  Solution by energy method.  
The Rayleigh-Ritz potential energy method is used to solve the 
above problem. The use of energy is merely a means of satisfying 
the statical condition approximately. The process consists of - 
choosing a plausible deformation function containing a number 
of free parameters. Variation of the potential energy expresscion 
allows the determination of the parameters in such a way that the 
equations of statics are satisfied on the average. The deformation 
function is chosen to satisfy as many boundary conditions as 
practicable and to describe the deformation pattern of the shell 
as closely as possible. The contours of slope obtained . by the 
above technique offer a'very good guide to the functional form 
of the deformation. 
For the problem under discussion, measurements have shown that 
the bending action is most dominant. Thus , for a first 
approximation membrane stresses are neglected. Potential energy 
expression )for a quarter of a shell under bending action only) - 
is written as: 
‘,40(Vz 	 ('1,4 U 	1 	che + 	M ,c1K 	cbcci+ 	1 11),Ig . cfr 	43 xr 
0 
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If the deflection of the shell surface is written as 
• where A, ) AI —are some disposable parameters, 
Variation of the energy expression with respect to A, A. 4 
gives a set of equations of -the type ' 
P cl S 	 +  cl4). 
A, - 	J 	dAi 
P Alz . a, S (Mx. 	 \(Z )0 = o ??'■ 2 
The equations of geometry are simplified to 
- Y(A5 K 	I g-(A) sc.4) 
' L 	 .143— 	W  The stress-strain relations are 
	
= 	) 	 1\4,4 	K 4  ; 
From these three sets of equations the values of A, A ) 
can be determined for any given shape of w . 
Using the shape 
0, 
(A-Y- = A ,( (0 f, 	+ A 1 ) cos\i A s+ . 
A2 is-found thi-ough boundary condition A 2=1. 
\2* A, 	c6s 1T2L cosk A 6 43 • L J 
AA l A r-` 1 (cos -11;6. + 	cosk A.6+ 
IZY. de = ALAI 7 ,sin 1T x sink A
5 4.- 
a 	L. 
4 
M I 	k 2A + ) + 3 	(+ t) A 	;TA si 	.5 	—
A5 DA L 
014 	0 LA- clAi 	4. 6 
2. 
 11:ci DI 1 L CI) ( - 	 ck1— stink 2A3 +0 - 	= 	cot, 5 a • 
4e. 	L 	2As 
,g 
z it.A 	cosli 2..A3+0 - I) 	/'34.A ' D 31-3(cos\i 2A3c1),- . 1 
13 J 	L 	(cosli 2A.,4)„ _ 	_ PAz 	. L. V-2.) 4A 3 \ 
These two equations are solved for A and A ) 
• A 1 = 0.006 ; A 3= 4.2 . 
Values of deflection, slope, and curvature are plotted in 
Graph G .  
clA 
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This solution as seennin Graph 6 gives good agreement in 
deflection and slope values, however large discrepancies 
in curvatures and hence moments values Are obtained. The 
reason is that the deformation function satisfies slope and 
deflection boudary condition but fails to observe the no-
momentaondition at the free edge. 
It appears that higher derivatives must be satisfied to obtain 
a good moment distribution. It is also noted that the variation 
of stresses in transverse direction is similar to that of a 
beam on elastic foundation. From these considerations, the 
following deformation funt ion is used : 
= A [--(x- - 	+ 	_ 	e • 	CX4 
A{-20(z- -`-it.)3 ]extin(X+ 
2.)■A[ (- 	)5. 	4 - + TE; x 7 , 	e, 	AT 5- , 
o 
a 
1,1  X is found through boundary condition cosideration-. 
A\ is the solution of the following equation : 
cl-k)1= 400A (   si ) 7T• / 2- 2- )\ 	24D. 	4- 
A(o..2.36-L _ 2..678 -- )•—• z 	2 i.. 2 , 
	
/. 	'.2_,Ii X .24 
L. 	52. I L 	1 . 	I 	4. 	1 + 
2 5 6 	61 o l 2- i -2: 	2X 	2_,ri )\ • 	4 j 
• 	IT sc.,) it 
 
P 
2_ a 
-1 
= 22 C x 10 
From Graph 6 it is seen that better agreement is obtained 
wi:ch this function , however some local errors still remain. 
The photographs of contours of slopes are finally compared 
with contours of slopes obtained through Finite Element 
- .Method (see Chapter 3 ) and presented in Figure II • 
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CONTOURS OF SLOPES IN LONGITUDINAL AND TRANSVERSE DIRECTION 
FOR A QUARTER OF THE SHELL. 
TRANSVERSE SLOPE  
• FINITE ELEMENT 
	
MEASURWENT 
Increment of 0.0066 
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2.8 Use of the method in shell experiment and design: 
The, experimental method presented above gives the means 
of recording of contours of slope in both longitudinal and 
transverse directions. 	The error of the measurement is 
within 5 - 10% limit provided that 
- shell angle is less than 80° 
- no large rigid body rotation and translation 
- deflections are small, radial and tangential 
displacements may cause errors but they can be 
corrected. 
The method is valuable because it gives an overall 
picture of the bending deformation of the whole shell surface. 
Even if the numerical results are not entirely accurate, the 
method still gives an indication of the functional form of 
the bending deformation of a shell and it identifies regions 
where bending is most dominant. This information provides 
a valuable guide for the shell designer. 
The simplicity of the experimental technique : is a great . 
advantage of the method. 	However, the method only gives 
information on bending deformation. 	The membrane stresses of 
the. shell must be obtained through another means such as 'strain 
gauge readings. 
The wealth of information accumulated from the photograph 
offers many uses 	Integration and differentiation of the slope 
values will give deflections and curvatures respectively. 
Direction of the contours can be used as a guide to the design 
of reinforcement fdr concrete shells (see ChapterIV). 	The 
method can also be used as an overall check on other methods of 
calculation (see Chapter III). 	The information also supplies 
a basis upon which simpler model for shell bending can be 
formulated as demonstrated in the above shell problem. 
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CHAPTER III  
FINITE ELEMENT METHOD IN SHELL ANALYSIS 
3.1 Introduction:  
The basic procedure of the finite element method used 
in structural analysis can be found in several texts (References 
1 1 2 & 3). 	Again, the three basic sets of ca are the 
. equations of statical equilibrium, the equations . of . geometry 
• of deformation and.the stress-strain relations:. 	Originally, 
the method was formulated by assuming a displacement field; 
the principle of minimum potential energy was used to obtain 
a valid set of equations of statical equilibrium, i.e. the 
, displacement method. 
Alternatively, one can assume an equilibrating 
internal force field and use the complementary energy 
principle to determine the associated generalized displacements, 
i.e. the force method. 	Only the displacement method is used 
here and it is briefly summarized for completeness sake. 
.(i) 	- The structure is divided by imaginary lines into a 
number of regions. Each regior*is -!oailed.andleMent..An eleMent 
Can be -.either one, two or.:three•imentiOnaI and carLibedf 
. any -:. arbitrary s hape 
(ii) The elements are interconnected at a number of nodal 
point's. 	The displacement of these points are taken as the 
basic parameters to define the deformed shape of the 
structure. 
(iii) A function (usually polynomial) is chosen to 
define the state of displacement within the element. Strains 
and stresses are defined through this function and the elastic 
Properties of the material. 	The function is known as the 
'shape function'. 
(iv) Loading on the structure is replaced by an equivalent 
set of generalized forces acting at the nodes. 
The overall equilibrium of the system results in a 
relationship of the form 
[K 
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Where 	V: is a column vector representing the forces 
acting at the.ndes 
. cS 1 iS a column vector representing the corresponding 
modal displacements. 
The matrix [ K Ls known as the stiffness matrix of 
the structure and it is evaluated through the use of energy 
method. 
• The method as presented above falls within the 
the 	• framework ofRayleigh-Ritz method; the object is to find 
a solution to the problem by using a guessed function for the 
deformed shape of the structure and the principle of minimum 
potential energy. 	The use of energy principle allows the 
equations of statical equilibrium to be satisfied on the 
average. 	Since the guessed pattern of deformation is used 
only over a small region, it can be intuitively seen that 
as the elements decrease in size, the solution will in general 
caverge to the exact one. 	Certain convergence criterions have 
been established and can be found in references 1,2. 
3.2A Study of the  stiffness matrix: 
The main step in the finite element method is to find 
the stiffness matrix for an element given an assumed deformation . 
pattern; i.e. to find a set of force's necessary to produce 
the chosen deformation pattern. 	This can be done in several 
ways. 	The most convenient way is to restrict the necessary 
•forces to the nodal forces. 	Once the notion of equivalent nodal 
forces is introduced, the question is how to relate them to the 
actual distributed forces, the energy methods are used for this 
purpose. 	To gain a better understanding of this method, the 
stiffness matrix for a rectangular element under conditions of 
plane stress is derived by both direct consideration of statical 
equilibrium and energy methods. 
(a), Statical Equilibrium Consideration: 
-7 	Consider a rectangular element 
a x b, having 4 nodes. 	In plane 
stress problem, each node has two 
degrees of freedom - the horizontal 
and vertical displacements -7 giving 
a total 8 degrees of freedom for the 
element. 
The displacement vector tcC3 is written as 
• 
c j. 	t Uti 	1A-2. ) 	4 	' 
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The equivalent force vector is 
U, V, u, V, u , V3 'U4 	J 
The stiffness matrix is defined as 	
“ 1/Yli 
This can be found by proper combination of five basic 
stress .conditions 
= 1 	 1 	I 3 	= I ,3 
and three rigid body movements: two translations in x and y 
direction and a rotatiOn of the element about the normal axis 
of its plane. 	(Fig. 1) 
K ==1 
= 	 .= 
Appendix 1 gives a detail derivation of the forces involved in. 
_each case and the 'resultant stiffness matrix. 	For later 
.comparison of a particular component, the value for the force. U 
• 
for. u 1 - ' 1 v 1 -- 	=° = v4  0' is quoted here: - 	v 9 ' 	\ z_ 
	
U I-0 6 	( 	 ) - 	a 	- 	I Z 	c' 	8 - 7_ ' 
Various terms of this expression can be identified. 
 
1 6 The term T -6F comes from direct strain in x or y direction . 
The term ---j---1/-- 	comes from tending deformation pattern 
The term 
— 7- comes from the shear consideration 8 b 
All five basic stress components are represented - in this expression. 
• element, we get 
(6 	 (j .  j?) cb 
E L 1.(1- 1))_c_k 
= CI- AV) 	z. a 	4- 
d 
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(b) Energy consideration: . 
Use of contour integration. 	Consider eight nodal 
forces (X1 Yl . 	. ) 
Given the node 1 a 
displacement (AJA4 only 
the force X1 does work. 
dev, 1 
cq 1 
where 	= normal edge stress 
r ci 	j 
— normal displac emit 
For 
Then 
= tangential edge stress 	e 	tangential displ. 
d e 	dee 
E n  q Lk, 
— 1 t 
The integration can only be carried out if the variations of 
displacements e, ) e t are specified along the boundaries. 
For example, if 8, E> vary linearly along the edge of the 
It is seen that the assumption of linear displacement variation 
excludes the bending deformation pattern. 
(c) Use of Area Integration: 
The . contour integration can be replaced by an area 
integration. If this is done, the state of displacement 
within the element must be specified by a shape function. 
The strain energy expression is: 
_1 
Ex 	Ej 
J + 
c 
r 
Arel 
0. 
	
4- 	01 
d 	. 
I 	 1= 1 	0 
Ui 	0 
0 
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The integrations can be performed subject to defining the 
variations of the quantities over the area of the element. 
Variation of U with respect to displacements at the modes 
gives a. set of equations. of the type: 
These equations can be identified as valid equations of 
statics of the element. 
This set of equations can be rewritten as: 
M2,"1 
where 	to 	is the displacement vector,: r) 
. E is the corresponding force vector 
and 	[ 	 is the stiffness matrix. 
This derivation of stiffness matrix is the standard method 
used in. the Finite Element Approach. 
For the particular case of rectangular plane stress 'element 
•considered above, the stiffness matrix can be obtained by: 
(i) Using a shape function with 8 coefficients 3 suCh as 
tAL 	c>/, + 0( 2 Z 	+ 0(3 	0(4 )29 	. 
= 	ci 6 :7,r. 	01 7 	+ 048 
'results in stiffness coefficient of the type 
(ii) Using the combination . of.two triangular elements with 
shape functions 
= C(6 
results in stiffness coefficient of type 
6 - 	+ 
 2_ - CT 	 b 
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It is Peen again that the bending component (I- -v does 
not appear. in both cases. The use of the shape function 
di 011:6.4 Y gives the same stiffness .coefficients 
as those obtained by assuming a linear variation Of displacement 
along the boundaries and using contour. integration. In 
fact the two processes are identical throughout. 
Despite various numerical values obtained for. the 
direct stress and shear terms, the rati6 of the - terms 
is always the same and equal to 2. 
Conclusion - The standard method of using shape functions and 
the principle of minimum potential energy is very efficient 
in obtaining the stiffness matrix. The useof an energy 
method, however, bids to obscure the equilibrium principles 
and it hides the weakness and deficiency of the shape functions 
used, as demonstrated above. The use of shape functions 
in general is an approximation which does not necessarily 
include all the basic patterns of deformation. Thus the 
accuracy of the method largely depends on the type offunction 
used. It is hoped that with the use of a large number of 
elements, the complicated deformation of the structure can 
be adequately represented by the combination of a few basic' 
modes of deformation. There are two possible approaches to 
the problem: - 
To use simple shape functions (fewer degrees of freedom 
per element) and a large number of elements. 
To use complicated shape functions (more degrees of 
freedom per element), the element is now more adaptable to 
many kinds of deformations therefore fewer elements are 
needed in general. 
The important point is the total number of equations 
ultimately to be solved. No satisfactory agreement has 
been reached as to which approach is better. 
decreases. 
ki (M-z1) 1 	01( 
uti(Ui) 	i// 
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3.3 Finite Element Analysis of Cylindrical Shells:  
(a) Shell as an assembly of flat plate elements: 
In the analysis of flat. plates by the Finite Element 
method, the plate. is divided into a number of elements by 
imaginary lines and a shape function is used to define the 
state of.deformation within the element. Thus, there is 
an approximation in the deformed shape but there is no 
approximation in the sub-division of the undeformed state 
of the plate. In .the analysis of shells a further approx- 
imation is often made. It is assumed that the behaviour of 
a cylindrical shell can be represented by.a surface built 
up of flat elements. This assumption is based on the well- 
known similarity between the behaviour of cylindrical shells 
and folded plates.. Intuitively one feels that convergence 
to the curved shell must occur as the size of the element 
Take a co-ordinate system as follows x,y axes in the plane 
of the element z-axis normal to the plane. Each node of 
the element has in general six degrees of freedom, three 
displacements and three rotations about the axis. The 
-displacement vector for each node is 
0 1 ) 
Corresponding to these degrees of freedom are the . six 
generalized forces 
_ u. v. w 	m 
- 
In order to use the existing models of plane stress 
and bending of plates, two further assumptions must. be  made: 
GI 	- 
Rotation OL about the Z-Axis is neglect-ed. This is 
a geometrical restriction on the possible deformation 
of the .element. Physically it means that the plate element 
is infinitely stiff to a rotation about an axis 
perpendicular to its own plane. 
-(ii) There is no interaction between in-plane stresses and 
bending stresses at element level. 	This is a statical 
'restriction on the stress distribution within the 
element. 	For the flat element, it implies that the 
defOrmation in bending, must be small so that no 
significant membrane actions are introduced. For 
the •actual curved shell element this is not true.. 
Analysis in .thap:tf, I showed that the interaction does 
exist. However, the stress-strain relation used in 
subsequent simiolfied . standard analytical methods also 
neglect the interaction components. 
(b) The stiffness matri:: of an element: 
For the particular Case of cylindrical shell, the 
• :structure can be well represented by rectangular element. 
Subject to the above assumptions ,the in -plane and bending 
action for each element can be dealt with separately. 
Each node has two degre'es of - 
freedom. The deformation 
vector of the nbde i is 
tki , 	1 	• 
O 	The corresponding force vector x is. r 
r = The two vedDrs aremlated by the in-plane stiffness matrix [ Kr ] 
= [ r  
. In-plane action 	. . 
c)-(V) 
w(U) 
7 
5 The shape function used for plane stress analysis are:: 
kik-/ 	d + 	/ x + 	3 	x 
• ur ==t 	+ G4■6 pc. + 0(7 Id 	0!5 
Each node has three degrees of freedom, 
6 	The deformation vector is 
cc = 	CAY: >Qxi 	' 
	
) • 
The corresponding force vector is 
[Fb 
Bending action  
4 
(Ms) 
 il 
(M 
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These shape functions satisfy the requirement of continuity 
of the in—plane displacements between adjacent elements. 
'(Each component of displacement varies linearly along the_ 
sides of the element, the coincidence of displacement at the 
nodes therefore ensures the continuity Of displacements of • 
all intermediate points). 
The first three terms of the shape functions give 
constant strain, the xy term 	introduces linear variation 
of a particular kind. 
The two vectors are related by the bending stiffness matrix 1 . 
k 6 
. 4 • The shape function used for bending analysis is 
3 
GO' ok X + + Q. X.  Io 0 ,1 15 .J 14 ■.) I F. 
2 • 5 
ol 	cj ÷ 	04 17 x.Lj 	o( le 	+ 0?Kt 	c.(20 
This shape function is a complete cubic with two additional • 
fourth order terms. 	Along a line x = constant - or y = constant4, 
the deflection varies as a cubic. Along the edge of the 
element, this cubic is completely defined by four parameters 
(slopes and deflections at the two nodes). Thus continuity of 
deflection and slope along the edge is achieved. The slope normal 
to the edge varies parabolically and is not uniquely defined 
since only two slope values at the nodes are specified. 
. Therefore in general a discontinuity in normal slope will occur. 
The curvatures vary linearly along lines x=constant or y=constant, 
while the twist varies parabolically along these lines. 
1 
	0 	0 
0 	co', 	51ti o( 
- Sind 	Co-S0( 
COSo( 
^ 
^ 
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Combined Action: 	Combination of in-plane and bending 
deformations gives each nodes five degrees of freedom. The . 
total degrees of freedom of the element (20) is the same as 
•the total number of parameters required to define the three 
shape 'functions. 
The displacement vector is 	= 	) 	) 
The corresponding force vector is fr‘ = 	Vi 	M > 	) ) 
where _ 	 _ _ 
o _ , 	6 _ 
LIkpi•rk3 I 	are respectively the in-plane and bending 
stiffness matrices. The zero submatrices indicate that there 
is no interaction between the two patterns of deformation at 
element level. 
(c) Transformation of -co-ordinates: 
The stiffness matrix derived above used a local 
co-ordinate system. To assemble the elements it is necessary 
to transform the matrix to a common global co-ordinate system:.x.,y,z, 
The local co-ordinate system 
I 	V 	I of the element A is x t y ,z . 
The displacement vectors in 
local and global system are 
respectively 	and 
lEy are related as follows 
oft. 
T 
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The three by three matrix in these relations is called the 
transformation matrix. It is seen to be made up of the 
cosines of the angles formed between the two set of axis. 
	
The geometrical restriction 	= 0 implies 
sin o( -0 ■JI 	+ C6S c4 . G zi 	G I xJ 0 • 
tan 	. 
i 	0 	0 
0 cosot  
_ sl ri cA 	c 0 sg, •ta PI ok 
or 	" 
  
all=11 
  
  
^ 
The total transformation matrix thust becomes 
0 
T 
• ~I I 	 o 	0 	o 
0 	Co5o< 	Sin 04 	o 	o 
o 	- sin ea% 	c05.< 	a 	a 
0 0 0 
C0Sck_i 
 
, T 
The stiffness matrix in global co-ordiM13Q is  
where. 1-1-1 "r_ is the transpose of [1- ] • 
Note that this transformation procedure breaks down if the 
element is in the x-z plane, for then ok= go° 	cos0( = 
and 	cosoe = b0 Thus one has to choose the global 
co-ordinate system so that no element is in the x-z plane. 
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Solution for stresses and moments. 
The assembly of all the elements and the application 
of loading results in a set of equations 
[K 
where P\ j is called the total stiffnss Matrix of the structure, 
is the loading vector. 
This set of equations is solved for the displacement 
vector 	. When the displacements of all the nodes are 
known, the internal stresses and moments can be obtained by 
back substitution. 	In general a node is the intersection of 
.four elements, there are four sets of forces at each node 
from the four elements and in general they are not equal. 
There are many ways of averaging these forces, one of the most 
convenient way is to average the force for each element and 
assign the value to the centroid of the element. 
4. 	 3 	 = 	  Za 
+ 	04 
b 
— 
142 _ 	s - 4  
+ 9 	9 	9 	x15 2 2_6 
- 	+ ;c4 Kvc,  	
2-6 
V 	
- 2 (
vtcl, 
cth
• 
4-6 	
+ 	+ Gx2 	:6)2 co 	(.02. - c.ki3 - 0:),1 ) 	- 0y , -F 6 ?), 	3 + (4 — 
Frotthese generalized strains, the stress resultants are 
• obtained through the stress-strain relations. 
== E k 	+ 	 -= Dh (14\ x 	) 5 
N4, = E ( 	t E x. )  
N 
2-(1+10 	 = Dk 	( I 1)) 
Steel shell model 
with steel end 
traverses 
30 % 
— 0. 03o 
1)  
L =16 n 	Loading is vertical 
and uniformly distributed 
GI= 0 
- bb 
3.4 Analysis of a simply  supported shell  roof: 
A shell roof supported by end traverses and free .edges 
is analysed by various methods for comparison. 
• Shell dimensions and. properties: 
Finite Element Representation'  
‘Y:::: 0 ■; = `-' I , 	r __-- -----_,_ , 
— 
9 
Only a quarter of the shell needs to be analysed due to its 
double symmetry. 
Boundary conditions are: 
(i) 
	Along traverses Ca= 0 • ■,"==. 0 (the traverses aree8sumed 
to be rigid in its 'own plane but flexible in the 
direction normal to it. 
Along centre line in x direction 	0- 
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FIGURE 3.2 (a)  
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CONTOURS OF TRANSVERSE SLOPE FOR A QUARTER OF A SHELL 
(Vertical uniform loading) 
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CONTOURS OF LONGITUDINAL  SLOPE FOR A QUARTER OF A SHELL  
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71 - 
Along centreline in 	directibn IA, , .0 • 	= 0 • 
The shell, is approximated by 30 flat plate elements t 6 in 
•the longitudinal direction and 5 in transverse direction. 
There are 42 nodes with a total of 210 'displacement parameters. 
Comparisons with results from other methods and experimental 
measurements: 
(a) Comparison of deformation: 
• Deformations of the shell was recorded - by thellioineD - 
Ligtenberg.method described in Gapter II - Deflections were 
also measured with dial gauges as a check. 'Deformation was 
also obtained by analysis using Schaffer!g equation. 
. Results are presented in Figures 3.2 and Graph 3.1(a) 
(b) Comparison of stresses and moments: 
Values of stresses and moments from the Finite Eament. 
'method are compared with measurements taken with strain gauges 
and 'results given by Schorer's theory. 
Results are plotted on Graph 3.1(b) for comparison. 
Fairly good agreement exists between various mdhods 
for both displacements and stresses except in regions near the 
boundary where the- variation is large. The finite element mesh . 
was too coarse for a critical comparsion in these regions. 
Analysis of Cylindrical Shell Roof  with Prestressed Edge Beam: 
One of the advantages of the Finite . EIment method as 
used for shell is the possibility of incorporating other structural 
members such as edge beams and traverses into the main programme 
for the shell. The interaction between various structural 
components can then be studied without making any further assumption 
about the stress distribution as often 	done in other 
• analytical method: 
The probrem of the prestressed edge beam can be solved 
by treating the edge beam as another element of the shell. 
The following shell with prestressed edge beam is solved by 
Finite Element method and compared with other solutions. 
) Finite Element representations 
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o. G 6 m - 
• 	 = 	5 WI 
t = '30 1'n 
+0 = 45
0 
 
E = jI o,00 l<9 
o. 2_ 
P = too to,s 
--,-i 	0, 2. m 
I. 2m 0 
This shell has been solved by Girkmann (Flachentragwerke) for 
8 the dead loading and by Dabrowsky for prestressing. 
Only a quarter of a shell needs to be analysed due to its 
double symmetry. 	The shell is approximated by 30 flat elements 
as in the previous section. 	The beam is approximated by 
two rows of vertical elements. Each row has 'Sixelements. 
The prestressing force acts at the centre of the beam section. 
(b) Comparison with other analytical solution using Schorer's 
theory: 
The. standard way of handling of the prestressing load 
- 	7 	 8' has been well presented by Gibson and Dabrowski. 	The pre- 
stressing force is usually represented by a YoUrier series 
ao  4 p 	- 	nir COS h" X Tr ' 2 3 5„ 
-Gibson used only one term of the series. Dabrowsky showed that 
this was not adequate; he proposed to use at least five terms 
of the series to ewer the increase in bending moments and shears 
at the outer part of the shell. 	• 
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Graph 3.2 shows the normalIongitudinal forces and 
shear stress resultants along the junction of the Shell and 
edge beam obtained by the Finite Element method, the one 
terms FOuri-eir series and the five terms Four.ier series calculations 
(Dabrowski). While .Dabrowski's results show some improvements 
from that of the standard method (one term Fo•rierf series), 
they still give inaccurate values for the part of shell near the 
traverse. 	As should be e?cpected (and given by the Finite' 
Element method) the norital forces and shears tend to assume 
maximum value near the .vicinity of the traverse. ...It is further 
noted that with the increasing number of terms, the Fouther 
series results oscillate near the centre of the shell and diverge 
near the traverses. 
Graph 3.3 shows the variation of longitudinal normal 
force Nx and transverse bending moment M4 for a quarter of 
a shell. 
From the above anlysis, it is seen that the Finite 
Element method gives more satisfactory results than the standard 
Fourilier.series analysis for the problem of prestr -essed edge 
beam. Recently another analytical method has been developed to 
solve the problem more realistically. (see Reference 5). 
3.6 Shell Vibration: 
The present shell finite element programme can be 
easily extended to study the vibration problem. 	For 'free 
vibration, the governing equation can be written as 
_ •• 
where 	[K1 • is the stiffness matrix 
is the displacement vector 
D\A-t rj1 is the mass matrix 
(.5. is the acceleration vector 
For natural vibration 	 — (ts.i si cArt. 
frOm which 
	
.E‘ - 632 { 	sin Got 
Hence 
	frs -[tv#ii -_,-__ 0 
51, 11 .Mo4 
4- 
Pre _ Ayvi 
Au..to mo tic 
Vi brcAtio v1 
Ex ci er 
Coyltroi 
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This is a typical eigenvalue 	problem. If (K) 
and (M) are nxn matrix then there will be in general 
values of w for which the above equation is satisfied. 
The mass matrix for a rectangular plate element has 
been derived by various authors (Reference 1,6) and is used 
here to study the -vibrations of a , cantilever shell. 
Experimental work - 
A cantilever shell was built and tested in the 
laboratory with Bru.ol:' and Kjar vibration equipment : 
= 0. 0 62-5" . 
L 	12_ . 
4).„ 	• 3 
= 5 11 
The shell was vibrated 
at the corner to 
stimulate the 
ant isymmetrical mode 
or at the crown for the 
symmetrical mode. 
The vibration was . fixecLto a constant amplitude . and the frequency 
was slowly increasedthe powa7required to drive the shaker 
increased proportionately until the natural frequency of the 
system. was reached, then there was a sudden drop in the power 
input. This can be observed on the power meter. 
Anti-symmetrical mode 
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The lower natural frequency of the anXisymmetridal 
mode determined by this method for the cantilever shell is 
.55 cps,.and that for the symmetrical mode is 105 cps. 
Finite Element Analysis: 
The shell was approximated . 
to 25 elements. The lowest 
natural frequency.. obtained 
was :-6 ,5 cps, with the 
vibration pattern 
1.0 , c). 	, 0. 	- o.2 5 -o.6 	(.) 
Symmetrical mode  Only half of the shell needs . 
to be analysed due to 
symmetry. This half was , 
1 
25 element. 
The lowest natural frequency 
obtained. was 110 cps with 
the vibration pattern. 
S t. 	0 .75 	0.48 . 0.23 o .o6 • - o.007 1 ) 	. 	) ) 	.' 	1 
J 
also approximated to 
3.7 Other Formulations: 
(a) Triangular flat element - Triangular flat element has 
been used for shell analysis by various authors (Reference i, 
10,11). 	The baTic assumptions involved are the same as those 
for rectangular element. 	The main advantage of triangular 
element is that it can be used for shell of double curvature. 
For cylindrical shell it offers no special advantage except 
that non rectangular shapes and cut-outs can be better represented. 
On the other hand, triangular element program requires more 
elements than that of rectangular ones for the analysis of 
cylindrical shells. 
(b) Curved rectangular element - Curved rectangular element 
was tried by the author. This was done through the existing 
model by converting the rectangular co-ordinate system to the 
polar co-ordinate System with similar shape functions. This 
programme did not give any better accuracy than that of flat 
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element. The reason is that the rigid body displacements 
have not been adequately represented. Cantins and Clough 
have offered a solution to this problem (reference 9).. 
These refinements create some difficulties in programming 
and increase computing time. 
3.8 Concluding Remarks: 
The equivalence of the principle of minimum potential 
energy and the equations of statics as used in Finite 
Element method has been demonstrated. This study clarifies 
some aspects of the use.of shape function in Finite 
Element analysis. 
The solution of a cylindrical shell as an assembly 
of flat elements has been presented. This study is extended 
to cover two useful applications: the analysis of shells 
with prestressededge beams and shell vibration. While 
the approximation is still rather crude, satisfactory 
agreement has been reached with experimental measurements. 
Thus, the Finite Element mdhod can be used in design with 
reasonable confidence. 
Appendix B presents an extension of the Finite Element 
method. By incorporating experimental information (Moire 
Fringe) into a Finite Element programme, the number of 
elements required for the analysis is considerably reduced 
without any undue loss of accuracy. This development is 
particularly useful in the analysis of structures with 
many- cut-outs and irregularities where the computer storage 
problem becomes acute. 
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CHAPTER TV 
DESIGN OF CONCRETE SHELLS  
4.1 Introduction; 
The . daTign of a structure is usually a trial and 
error process. 	The shape and dimensions of a structure 
are first determined by its functional or aesthetic 
requirements; the structural analysis is then carried out 
to check the stress distrihtion under various loading 
conditions, finally the designer must consider a suitable 
construction method to enable the structure to be built. 
The three phases of work are interconnected, difficulties 
in analysis can be often avoided by altering the design 
concept, actual construction practice determines how refined - . 
the analysis must be. 
In shell design, the actual consbuction method is 
the determining factor. The savings in shell structures 
which stems from the low consumption of materials will be 
more than nullified if the cost of forming the shell is too. 
'expensive.- Thus simplicity in construction will justify 
some increases in materials or in the complexity of the 
analysis. 
Shells are difficult to design rationally. Rigorous 
mathemtical analysis is often too complex to be used directly 
in design. Designers frequently resort to simplifications 
which normally give conservative deigns; furthermore little 
experimental evidence exists to vetfy the mathematical 
analysis. 
Before the advance of the computer, the results )t .'•
analysis are usually presented in tables and charts upon 
which the design is made. This practice has a limited range 
of application due to restrictions 'imposed when the tables are 
prepared. Alternatively, the designer can concentrate on 
physical action of the shell; depending on the situation, 
shells can sometimes be replaced by 'equivalent' structures • 
(such as beam, slab....). 
The two approaches are not mutually exclusive. Some 
insight into the physical action of shell is essential to 
obtain a good approximation Upon which mathematical analysis 
is performed. Design by analogy also requires analysis at 
some stage. 
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In this chapter, the design .considerations for liquid. 
retaining tanks and shell roofs arediscussed. Possible 
'applications of the works in previous chapters into design 
practice are indicated v:Where: ,-:' appropriate. The discussions 
are partly based on the author's own experience while working 
with a consulting firm. 
. 4.2The Design of Liquid Retaining Circular Tanks: 
Liquid retaining circular tanks can be identified 
as circular thin shells with axi-symmetrical loadings. 
The governing differential equation has been established in 
Chapter I. The analysis consists of various ways of handling 
the equation in conjunction with various boundary conditions. 
The design discussion will be limited to aspects of reinforced 
concrete designs as these occur most often in practice. 
A - Analysis The general differential 
Tpations for this cylindrica 
shell with axi-symmetrical 
loadings is generally 
accepted and used as basis 
for most circular tank 
designs. 
‘?, 
DC ) 
cl z 
If the tank wall is of constant thickness, the equation becomes 
J 4- (kr 	4 	-  
8:7c" where 	3 ( - 	 ED 
Giz- 11 4" 
The solution is 
CAY 	(c; c7.0.5 (1DC 	Cz Si ri 
1 
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The significance of the terms has been explained elsewhere. 
If the tank wall is of non-uniform thickness, the 
solution of the problem requires the integration of the first mo basic fourth order differential equation. Tinwshenko gives 
a solution for linearly varying wall thickness. 	The solution 
is compIecated and is not suitable for design. The final 
results do not differ much from the Constant thickness case. 
Boundary Conditions: 	The following base conditions 
-are normally considered: 
(a) Freely sliding base, for which the membrane theory gives 
all adequate solutions, i.e. C 1 = C z = 0 
(b) Hinged base,.i.e. the base is free to rotate but not to 
slide; a radial shear correction is needed togiether.with the 
membrane solution. 
    
I 
I 	I 
I 
I, 
i 	I 
I 
  
Membrane solution gives a radial 
deflection at the base (AY  
Eh 
A shear 00 Trizt be applied at the 
base so that radial displacement 
at the base is zero. 
"s 	.1C12. 1-1  0.0 == 2! a- Eh 
(See Chapter I - Sectiont.6) 
   
    
(c) Fixed base, i.e. neither displacement nor slope is allowed 
at the base; both moment and shear correction are required. 
r\i° + Q.° )  cH  = ° \ 
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(d) Partially fixed base - If the tank floor is built 
monolithically with the tank wall, then the base of the tank 
is only partially fixed. Rotation of the base slab must be 
considered. 	This problem is treated rigorously by 
Timoshenko and approximately by Billington. 
(e) Partially sliding base 	Some shear and some moment 
occur but not to the extent of (b) or (c). This condition 
is considered to obtain a more realistic design. 	The 
method relies heavily on the engineer's judgements. 
Relative merits of various base conditions will be 
discussed in a subsequent. section. 
Methods of Calculation - Some methods of calculation 
have been developed based on the.beam or elastic foundation 
, analogy. 
A graphical method has been developed by Mlerisch, 
using an assumed deflection curved to calculate the moment 
diagram from which &new deflection curve is obtained; the 
process is repeated until satisfactory convergence is achieved. 
6 
.A numerical method has been developed by writing 
the equation. in finite difference form to solve it as a set 
of linear equations. This scheme is only feasible if a 
computer is used. Various conditions of loading, fixity and 
movements of the baSe and the top of the tank can be taken 
into account easily. 
For wall of constant thickness, tables and charts have 
been prepared for various ratio of diameter and height by 
8 the Portland Cement Association, Design from tables is so 
simple that it becomes the standard design procedure. 
Design Problems: 
(1) 'Thick Walled' vs 'Thin Walled' design.: 
The Code of Practice for the Design and Constructions 
of Reinforced Concrete Structures for the storage of water and 
other liquids (CF 2007 - 1960) on which most of British designs 
were based states that " 	the tensile stress in the concrete 
shall not attain that at which it may fail in tension, with some 
small margin of safety". Thus the_objective.of the design is . 
• to provide enough hoop steel so that if the wall cracks the 
hoop steel will be capable of resisting the entire hoop force. 
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0i0he other hand, the wall must not crack, therefore concrete 
hoop stress must be below the cracking stress given in CP 2007 . 
(175 psi) .  This consideration often gives "thick walled" 
sections (e.g. 2'6" to 4'0" for a 2 million gallon water tank 
26' high). 
The Portland Cement Association follows the same 
objectives, however the concrete stress is allowed to rise 
to 300 psi (for 3J .00 psi concrete). It also points out that 
lowering the allowable steel stress actually tends to make the 
concrete crack because the higher steel area required increases 
the concrete shrinkage .stress. It is also clear that the bond 
quality is of major importance in regard to width of cracks 
and leakage. Therefore, reinforcing bars should be deformed 
and of smallest possible size. (Allowable steel stress 1q000-14,000 
psi for ring steel). 
The South Australia Engineering and Water Supply 
Department advocated the "thin walled" design philosophy 7 
in which: 
- tensile concrete stress in neglected 
- higher steel stress is adopted (25,000 psi) 
- crack control factor is considered. 
From this point of view, a crack is not considered 
as undesirable if it does not produce leakage. 	This can 
be achieved by: 
- the autogenous healing of cracks which are 
.caused by the formation of crystals of calcium carbonate 
and hydroxide in the crack from the water. 
- crack control - crack width can be calculated 
and limited to a certain maximum so that the autogenous 
healing process can take place. The works of the European 
Concrete Committee and Kaar & Mattock (USA) produce some 
formulas for the calculations of crack width. . 
(II) Types of Restraints at Base: 
Early design assumed that the base is fixed. This will, 
of course, give the most economical design for the tank wall, 
but the base is seldom actually fixed. It is difficult to 
predict the behaviour of the subgrade and its effect upon the 
restraint at the base. . Therefore it is more reasonable to 
assume the base is hinged. Some other advantages of the 
hinged base are: 
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- The compression face of the concrete is on the water 
side of the tank; this eliminates horizontal cracks at the 
.water face and the Poisson's ratio effect reduces the 
magnitude of any vertical cracks that may occur. 
- Size of the footing is smaller. A footing ring is 
normally required for the base; some radial deflection will 
occur and should be allowed for. 	The base ring will deflect 
the same amount as the base of the wall and consequently they 
will take some steel stress. For a fixed or hinged base this. 
deflection must be kept very small, therefore a big ring is 
required and the amount of steel in the ring is used uneconomically. 
The solution is to make the base hinged and partially sliding. 
The base shearing* stress can be determined by subtracting the 
wall resistance from the liquid load and the amount of steel 
necessary to cary the remainder in the base ring can then be 
determined. 
Fig. 1 gives the ring tension 
for the bases that are fixed : 
	
o4 	hinged or sliding. The upper 
0.5 
	half of the wall is affected 
little by the base condition. 
_ 0.8 	Maximum ring tension of the 
1.0 
hinged base is larger than that 
Fioure 
	 of the fixed base (about 20%) 
but the latter procedure gives 
a more realistic distribution of steel. To reduce the size of 
the footing, a partially sliding base is advocated. Thus for 
overall economy, the ring tension is designed as given by the 
dotted curve. 
For a 'thin walled' tank, a free base wall should be 
used as the hinged base tank will lose all the advantage of 
higher allowable hoop stress. Free base wall also eliminates 
vertical bending, membrane theory alone is sufficient for design 
purposes and hoop reinforcement is operating at maximum 
efficiency. 
Fixecl base 
Hin9ed Base 
shclin9 
, 
Re_covnmenclej 
Pesic,r) -Cur ved 
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(III) Other Problems: 
(a) Prestressed Concrete Cylindrical Tanks - . The object 
of prestressing is to offset the ri/Vension arising from 
• liquid loading and to prevent leakage. The. main concrete 
shell is then at its minimum stress condition under full 
load. The problem of the base is similar to that of a 
reinforced concrete design.. Prestressed concrete tanks 
have thinner walls than that of normal reinforced concrete 
but the construction cost is higher. Small capacity tanks 
(under 25,000 gallons) are not worth prestressing.. The 
problems of prestressed tanks have been fully discussed 9 by Creasy. 
(b) Settlement of foundation - If the tank is supported 
on the ground, the effect of settlement of the foundation 0 
must be considered. Lightfoot considered the problem when 
the reactive pressure is uniformed as with a plastic soil. 
The problem of tank on elastic foundation can be tackled 
with the use of Schorer's equation written with longitudinal 
displacement 'u' as the main variable. 
These problems are not normally considered in tank 
design when the footing foundation is reasonably firm and' • 
even. 
(IV) Construction Problems: 
The general principles of concrete construction, practice 
apply) but emphasis is placed on watertightness. Joints • 
are potential source of leakage and -hir number should be 
. minimised. To ensure watertightness, a water-stop made of 
of sheet copper h rubber is normally placed „across the joint. 
For a sliding base, a groove is normally provided at the 
inside of the wall and the base junction and filled up with 
tar or asphalt. Vertical joints are preferable -to horizontal 
'ones as they require less attention to ensure watertightness. 
The structure is necessarily monolithic, concrete should 
be placed in horizontal lifts not over two feet, no 
temporary joints should be allowed.. 
Curing is of prime importance especially for tank walls 
because it reduces shrinkage stresses, increases concrete 
strength and redaCes cracking tendencies. 
(V) 	Use of Concrete. Tank for Storage of Other Liquids: 
Industrial liquid - The liquid stores must not be 
injurious to the concrete - Normally bases and compounds of 
(..ReAlp,a pusE arx-pfs-eH4Gfpwewisp.,ToyCsaq.ariool' 
uoTq.oes Jo .0AJR0 u.VTs813 pepuewopea atm. 
oq. altpJo.00-e. peuSTsep .1queLl. aaTjTJ-eip 	J.O.8813q. pue,Ttem. 
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carbon are not vehile acids and many salts are. Protective 
rfleasures include lining'of tank with glass plate or coating 
the tankwall with an acid resisting surface (asphalt, wax, 
paraffin). 
Fuel Oil - Loss will occur due to the percolation of 
the liquid through the concrete. A double walled reservoir 
is normally used. Cavities between the walls and floor are 
filled with water which keeps the tank ptrol tight. 
Alternatively tank wall is lined with aluminium sheet. 
4,3 The Design of Shell RodE: 
A shell roof offers a means of covering a large 
unobstructed area with a minimum amount of materials. This 
solution, unfortunately, is not always the most economical. 
The cost of formwork and labour usually offsets the savings 
in material. Considertion about construction techniques 
. should be in the mind of the designer right from the beginning 
of the -project. 
A - General Considerations 
To cover a certain area with a shell roof, the following 
. alternatives are usually considered: 
- Continuous short sh 11(Figure 2-a) 
- Multiple long shell (Figure 2-b) 
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Short shells can have a chofd width of up to 400 ft. 
with spans between one third and one sixth of the width. 
Long shells can have a span up to 150 ft..- for' 
spans greater than 150 ft., a break is ! needed to allow for 
temperature expansion. For reinforced concrete a practical 
span limit is about 100 ft., longer shells need prestressed 
edge beams to be economical. 
The shell angle is normally restricted to 30-45 ° for 
two reasons: 
- Only internal formwork is required, this facilitates 
the placing-of concrete and reinforcements. 
- Wind load on shelb in this range can be safely ignored. 
According to S.A.A. Int. 350, the wind load factor formula 
is I2ir - 4. Thus the whole shell will be under • 
suction if the shell angle 
is less than about 400 . 
Shell Loadings: The following 
loadings are usually considered:. 
- Dead Load which depends on 
shell thickness. 
- Live Load to allow for light 
access to the roof i.e. about 
15 psf. 
With most shells of roof thickness, about 4 ins., giving a 
total uniformly distributed load of 55 psf, together with 
200 lbs. concentrated load at any point on the shell and any 
other unusual loadings. 
Shell thickness - The main design load on shell is 
usually its dead weight (about 75%), thus the shell should be 
as thin as practicable. A decrease in thickness will decrease 
the dead vd_ght which is proportional to the amount of materials 
(concrete and steel) required. Thin.shell also has the 
advantage that any edge effect is likely to confine to a 
region near the edge only. 
• Australian and American concrete codes do not have a. 
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specific clause for shell thickness, but they recommend 
. a minimum thickness for slab'of about 4 ins. The European 
code allows a thinner section of about 7.8 cm (3 ins.). 
However thinner shells have been built elsewhere. 
B - Shell Design: 
(i) Accuracy of calculations - Concrete is uaally placed 
With a tolerance. of 2,i-u on dimensions. Assuming that the 
reinforced shell behave hommbgeneously, the tolerance 
on stress calculation can be estimated. 
- Direct stresses vary directly with thickness. 
Allowable variAion in stress is 
- Bending stresses vary cubically with thickness 
Allowable variation is approximately 20%. 
Thus an overall accuracy in calculations of about 
10% should. be satisfactory. 
(ii) Stresses in shells - Analysis in Chapter I showed ' 
that there are in general three types of stresses; 
membrane stresses, edge effects (bending stresses caused 
by edge deformation) and stresses caused by the phenomenon 
of inextensional deformation. 	For a well designed shell, 
the membrane stresses should 'carry most of the load, the 
edge effects should be confined to a small region near the 
edges and the inextension deformation should be eliminated 
as much as possible. 
(iii) Preliminary design - An initial choice of dimensions 
is made so that the concrete stresses . will fall . within, the 
allowable limits. For short shells membrane theory is used, 
for long shell, beam theory is suitable. As shown in 
Chapter I, these theories are simple, all calculations can 
be done quickly. 
(iv) .Bending Analysis - A thorough analysis of the shell 
should be carried out after preliminary dimensions have been 
chosen to obtain a better estimation of the stresses and 
hence the design of reinforcement can be completed. 
- Analytical method: 	The total solution can be obtained 
by solving the-differential equation. Schorer's theory is 
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suitable for long shells. Donnell's theory is used for 
short shells. Beam arch theory is used when the shell 
is unsymmetrical or the cross-section is not cirCular. 
All these methods of analysis can be programmed for 
electronic digotal computers. For shells of sizes within 
common limits, tables and charts have been produced in 
shell literature and they can be used directly. 
- Finite Element Method: As shown in Chapter III 
the Finite Element method can be used for shell analyses 
with the possibility of extension to include other structural 
members such as edge beams and traverses. The main problem 
here is the ready access to a reasonable large storage 
capacity computer to handle the large nuMber of equations 
to be solved. 	Cost and time of such analysis is another 
factor to be considered. The development of the Finite 
Element method as used for shell is still at an .early 
stage, further imprvements could be expected in the future. 
Model Test: With the technique developed in Chapter 
model analysis could be used as an aid to design. 
Model tests are usually regarded as expensive, the merit 
of the Moire' .Ligtenberg method as used for shell is that 
a lot of information can be obtained from relatively simple, 
inexpensive models. If strain gauge readings are also 
taken, a complete picture of the state of stress can be 
obtained. Model tests can also be used to substantiate 
the analysis carried out by Finite Element or any other 
method. 
(v) 	Boundary Conditions - Boundary consitions statements 
are needed for both closed form analytical methods and 
numerical methods.. Some of the boundary conditions often 
met; in. practice are discussed here. The symmetry of the 
structure and loading is often sued to reduce the size of 
the problem. 
Boundary conditions along a free edge: For short shells, 
a free edge is possible. The boundary conditions for such 
an edge are obviously: 
(a) No transverse moment, i.e. .M4 = 0 
(b) No transverse shear, i.e. Q/ = 0 
(c) No transverse normal stress, i.e. N/ = 0 
(d) No shear along the edge, i.e. Nx/ = 0 
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- Boundary conditions along an edge beam: The edge 
.beam is usually deep and narrow. It is assumed that it 
possesses stiffness to resist torsion or bending out of its 
plane. 
The rigourous boundary conditions are: 
(a) The longitudinal displacement) 
) (b) The vertical deflection 	of the shell edge and the  
(c) The horizontal deflection 	edge beam shall be the  
(d) The rotation 	same at their junction. 
Subject to the above assumptions, conditions (c) and (d) 
are often replaced by - 
7 No transverse moment, i.e. M/ = 0 • 
- No lateral thrust, i, 	+1 = 1\ 	sirot . 0 , 
for a.single shell. 
For a symmetrical inner shell of a multiple shell group, 
no horizontal deflection or rotation exists at the edge due 
to -its symmetry. 
Boundary conditions along a traverse - 
The end traverse is usually assumed to be rigid in its own 
plane but completely flexible in the direction . normal to its 
plane. The boundary conditions for these assumptions are:' 
(a) No radial - deflections, 	i.e. = 0 
(b) No tangential deflection, 	i.e. = 0 ,) 
(c) No longitudinal moment, 	i.e. Mx= • 
(d) No transverse moment, 	i.e. M - 0 • 
) 
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These boundary conditions are necessary for the theories 
developed in Chapter I to be used; since only then is 
it possible to express all the parameters in terms of 
Fourier's series. The method will break down for other. 
boundary conditions. 
44 
C. — The Design of Edge Beams: 
Edge beams are introduced at the edges of long 
shells to reduce the shell 2rces and moments. The edge 
beam width is usually from 2 to 3 times the shell thickness 
with a minimum of 5 or 6 ins. Its depth is chosen so that 
the shell will have adequate structural depth (between 
one sixth and one twelfth of the span). These dimensions 
are usually selected at the same time as those of the shell 
using beam theory. 
Analysis of Edge Beam: 
. The interaction between the shell and the edge 
beam causes the latter to deflect vertically, laterally 
and twist. As mentioned in the discussion of shell boundary 
conditions, the beam is assumed to have no resistance to 
horizontal thrust and twist. For a deep and narrow beam, 
these assumptions involve little error. 
.Forces acting on the edge beam 
are those from the shell edge 
and the dead weight of the beam: 
Vertical force from shell 
Q , cos 
Dead weight of beam W expressed 
as a Fourier series 
W 	Wo co s 	 
4— • Shear NxIS acting on the top 
 
LL 
of the beam .  This shear force can be replaced by a central 
force and a moment 
A 
	
Central force 	= 
Bending moment ment = 
Tr 2 
Thus, the stress on the top of the edge beam can 
be estimated 
(01 	1_ 11 1- 	+ 	- 	 C45(k A 	Tr- 	4 	° ° 
T 
8 
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Displacements u and of the beam can then be computed. 
0 s 
AF 	/ 4 El. '
s +[1\c+sin4)°—Qcp cos+0](+)2'Er 
Wo 
	 Wi 014 I 
\-TC/ EI 
These displacements are to be matched with those at the 
. edge of the shell to achieve geometrical compatibility. 
Shells with prestressed edge beams: 
If the span of the shell is long, the tensile 
stresses in the edge tend to become very high and 
deflections become excessive. Difficulty in the placing - 
of the reinforcement may occur due to the large steel area 
required. Prestressing offers the following advantages:- 
.- Lower steel consumption 
- Reduction and transverse moment 
- Reduction of cracks due to shrinkage and temperature 
- Reduction of deflection 
Analysis of a prestressed beam is similar to that 
of normal beam. The approximate prestressing force and 
eccentricity must be put in a form suitable for Fourier 
series expansiOn. This practice leads to some serious 
difficulties as the series diverge near the traverse. 
Analysis of a shell with prestressed edge beam by standard 
methods and Finite EIment method has been presented in 
Chapter III. 
7 
D - The Design of traverses: 
The traverse is designed so that it will fulfill the 
assumptions made on the boundary of the shell. Ideally; 
the traverse should be rigid in its own plane and 
completely flexible in the direction normal to it. This 
is physically impossible; what is usually done is to 
ensure that the traverse will deform a negligible amount 
in its own plane and that it be kept as flexible as possible 
in the other direction without causing buckling. 
The only forces on the traverse are the in-plane 
shear Nx/ and the transverse 'shearQx from the shell . edge. 
Ii sin +O -04, c" 00 1(j-i)- i+ Efi 
(a.) 
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These forces Can be resolved 
into vertical and horizontal 
components acting on the 
traverse. 
N4 sin+ + R, cos+ , 
Nci cos+ —.•Q,zincP. 
The traverse is designed to 
withstand these loadings as 
well as its own weight. 
Various types of traverse are 
used. 
- Solid diaphram (A) 
- Arch (6) 
- Truss (C) 
- Portal frame W 
3,4 E - The design of reinforcement: 
Reinforcement is required for resisting tensions 
arising from the following: 
- Shell deformations due to loadings 
- Shrinkage and temperature zffects; both of these are 
quite high dueto the large exposed area of the shell compared 
with the volume of concrete. 
- Stress concentration due to concentrated loads, 
cut-outs etc. 
The reinforcing bar size should be kept as small as 
practicable. To, keep the shrinkage stress down, a fine 
mesh of thin bars is preferrable to a coarse net of thicker 
.bars. The use of thin bars has the disadvantage of high 
labour cost, they are also easily bent out of place by accident. 
Welded wire mesh can also. be used,. they are particularly 
suitable for cylindrical shell, they stay in place better 
and also reduce the labour required. 
Reinforcing requirements can be conveniently grouped 
into three types: 
(i) 	Longitudinal reinforcement for longitudinal stress Nx. 
A long shell with deep edge beams behaves like a beam with 
the neutral axis lying close to the junction of shell edge 
and edge beam. 
— 96 — 
 
Thus, most of the tenaile 
forces concentrate in the edge 
beam and reinforcement should 
be placed at theloottom of the 
beam.. For thin and narrow 
 
beams, more than one layer may be required. 
• For short shells, there may be various tensile zones in the 
shell. The amount of steel required is derived on the basis 
that it must cary all the tension. Compressive forces due 
to Nx need only nominal reinforcemmt since the concrete can 
take most of the compressive force. Nominal reinforcement 
in the longitudinal direction is also required for the whole 
shell surface to take temperature and shrinkage stresses. 
(ii) Transverse reinforcement is required for transverse 
normal stress N/ an transverse moment M. They are designed 
as normal reinforced concrete sections, subject to combined 
axial load and moment. 
(iii) Diagonal tension reinforcement is required to take the 
combination of stresses in both directions Nx and N/ and 
the inplane shear NxfS . Mohr's circle can be plotted for 
each point, on the shell and contours of principal stresses 
can be . determined. A reinforcement scheme based on this 
will require the least amount of steel, however the scheme 
is not practical due to the difficulty and cost in achieving 
correct placing of the steel. Thus it is better to place the 
steel in a rectangular net (fabric mesh can be used) and 
add extra steei in the region of high diagonal tensile stress. 
At the traverse N/=Nx=0, only Nx/ exists. By a 
Mohr's circle analysis, the diagonal tension is. at 45 0 to 
the longitudinal axis and equal to Nx/. 
At the centre Nx4=0, thus the principal stresses 
are Nx & Nx/ — no diagonal tension exists. Thus only 
the corner region near the traverse needs extra reinforcement 
to carry the diagonal tension. 
The contours of slopes obtained by,the technique 
developed in Chapter II gives a further guide to the design 
of reinforcement in - unusual . situations. 
2Y, 2 
_  E 
— 
bcr-; 
, 1G- = 
APPENDIX A . 
Derivation of the stiffness matrix for a rectangular element 
In plane stress problem from statical consideration . 
y 
A 
b 
0-4 
Element size a x b 
1.A. Degree of freedom per element 8 
Stiffness coefficients are found 
by 	combination of the proper tk, 	a 
five basic stress conditions 0 3 \„= 	j v•) ,j=  I ; 
and three rigid body movements : two translations in x and y directions 
and a rotation about the axis normal to the element plane. 
For simplicity thickness of the element is taken as unity. 
Straining in x direction . 
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APPENDIX B. 
An extensionof the Finite Element method applied to the plate 
bending problems. 
The Finite Element method usually starts with an arbitrary division 
of the's,tructure into a number of elements. A shape function is 
chosen to define the state of deformation within an element. As 
shown in Chapter III the shape function represents a combination 
of some basic modes of deformation of the element. Thus the accuracy 
of the analysis depends upon the versatility of the chosen shape 
function and the number of elements used. Normally, a relatively 
simple shape function is used therefore a large number of element 
is required to achieve satisfactory results. 
On the experimental side, the Moire fringe methods give total 
pictures of deformation of a structure through fringes which have 
special geometrical meanings. The diffraction grating method gives 
contours of displacement, the Ligtenberg method gives contours of 
slope. 
If the experimental information about the deformation of a 
structure is used in the Finite Element analysis, ( in place of 
arbitrary division of elements and arbitrary shape function) 9 
some advantages may be realized e.g. fewer elements without any 
undue loss of accuracy, quicker convergence... 
For the plate bending problem, it is shown here that by aligning 
the elements along lines of linearly varying slope, fewer elements 
are needed without any loss of accuracy. 
In order to do this, one needs a program for arbitrary quadrilateral 
elements with some special characteristics as shown in Fig. Bi. 
F.Veubeke 's Finite Element medel for arbitrary quadrilateral 
3 element is modified to give the above characteristics. 
- 1 03 - 
FL7i z 	Ji 
Modification of Veubeke's model. 
S7).'31 
"" 	• al a 
(31-11 
(, x.L.4) ) ?I ,4 
341 
Stqinle-s Steel rnoclel 
30 106 
0.02 3 " 
P =2o 
3 
The Veubeke's model has 16 degrees of freedom. Deflection. and 
two slopes at each corner and the normal slope at the mid-point of 
the side. With a small transformation, one can replace the later 
degree of freedom (normal slope at mid-point of the side) into 
slope in x or y direction at that point. 
Along side 1-2 for example, the deflection varies as a cubic. i)c.k.) • 	ci.) Lo The slopes --- ) —vary as a quadratic. The slope along side1-2 bx. can be made to v'ary linearly by imposing : 
/ w\  
I 4- ( 	)2 I 
where -2T,7i z = slope at mid point of side 1-2. 
.-slope at node 1 . 
(-W l= slope at node 2 "w Similarly, along side 2-3 	can be made to vary linearly. 
The element is thus reduced to one with 12 degrees of freedom. 
Analysis of a clamped plate with a central concentrated load. 
(i)Contours of slopes in x 
and y directions were obtained 
with the Moire Ligtenberg 
method. 
(ii)From the photographs, 
lines along which the slopes 
in x or y directions vary 
linearly are obtained. 
From these lines a net of 
elements are chosen so that 
each element has the properties 
described above.( see Fig. B2 ) 
(iii) This set of elements is analysed with the modified program. 
- 104- 
Comparision of results. 
The results of the above analysis are compared with that of the 
analytical method (Timoshenk8) and that of a normal Finite Element 
2. program using rectangular elements (Zienkiewics). 
For the cental deflection, the following figures are obtained. 
Oof elem. eof nodes Degrees of freedom w 
Present Program 	10 	20 	60 
Rectangular elements 	20 30 90 
Analytical method 
0.178" 1 
0.180' 
0.176" 
Comparision of deflections and slopes along the center lines of 
of the plate is presented in Graph Bt 
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